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Chapter 1

Introduction

This manual describes CLP(R) version 1.2, and at a number of places throughout this text
changebars have been placed either to indicate new features in version 1.2 from version 1.1 or
some changes in the manual. The CLP(R) language is an instance of the Constraint Logic
Programming scheme defined by Jaffar and Lassez [10]. Its operational model is similar
to that of PROLOG. A major difference is that unification is replaced by a more general
mechanism: solving constraints in the domain of uninterpreted functors over real arithmetic
terms. A working knowledge of PROLOG programming is assumed in this document; the
book by Sterling and Shapiro [20] can serve as a suitable introductory text. Further technical
information on CLP(R) is available on language design and implementation [12, 13], meta-
programming [7] and delay mechanisms [14]. Additionally, much has been written about
applications in electrical engineering [6, 18], differential equations [5, 8|, temporal reasoning
[1, 2, 3], protocol testing [4], structural analysis and synthesis [15], mechanical engineering
[21], user interfaces [23], model-based diagnosis [24], options trading [16], music theory [9],
molecular biology [22], etc.

This document is both an introductory tutorial and reference manual describing the
compiler-based implementation of CLP(R). The reader experienced with PROLOG or
CLP(R) may wish to skip to Chapter 4, and in particular, see the sample session in Section
4.6 to get started quickly. Compiled CLP(R) is an interactive system that compiles all pro-
grams and goals into CLAM code which is interpreted by a byte-code emulator that is part
of the system. The system is portable in the sense that it will run on virtually all 32 bit
UNIX™ machines with a reasonably standard C compiler, as well as many others.

We would like to emphasize that this manual describes a constantly-evolving, experi-
mental system. Hence much of what is described is subject to change in future releases.
Furthermore, the use of undocumented features is particularly dangerous.

Finally, we adopt some standard notational conventions, such as the name/arity conven-
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tion for describing predicates and functors, + for input arguments, - for output arguments,
and ? for arguments that may be either input or output.



Chapter 2

Syntax and Simple Examples

A CLP(R) program is a collection of rules. The definition of a rule is similar to that of a
PROLOG clause, but it differs in two important ways: rules can contain constraints as well
as atoms in the body, and the definition of terms is more general. A goal is a rule without
a head, as usual.

The body of a rule may contain any number of arithmetic constraints, separated by
commas in the usual way. Constraints are equations or inequalities, built up from real
constants, variables, +, -, *, /, and =, >=, <=, > < where all of these symbols have the
usual meanings and parentheses may be used in the usual way to resolve ambiguity. Unary
arithmetic negation is also available, as are some special interpreted function symbols which
will be described later. Any variable that appears in an arithmetic constraint is said to be
an arithmetic variable, and cannot take a non-arithmetic value. These constraints may be
thought of as built-in predicates written infix, but they are really much more powerful, as
we shall see later. Goals are also similar to those in PROLOG, and may contain explicit
constraints as well.

Comments in the program are either in the PROLOG style, beginning with a “%” and
continuing to the end of the line, or also in the form of C style comments, starting with “/*”
and ending with “*¢/” (comments can contain newlines). Unlike normal C comments, these
can be nested so that code already containing comments can be commented easily.

2.1 Terms and Constraints

Syntactically, a term is either a simple term or a compound term constructed from simple
terms. A term is then either an arithmetic term or a functor term. The simple terms are:
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e Variable terms
A variable is a sequence of alphanumeric characters (including ), either begins with
an uppercase alphabetic character or an underscore “”. Variables consisting of an
underscore only are anonymous variables and always represent a new variable. Vari-
ables that are longer than one character and begin with an underscore are the same
as any other ordinary variable,! except that they are ignored for the purposes of style

checking.

e Numeric constant terms
This is a real number with an optional decimal point and optional integer exponent
which may be positive or negative.

e Symbolic numeric constants
These denote special constant values, eg. 7 and have the syntax #< name > where
the name is just an atomic functor constant. The following are the special constants
defined by default:

#p 7= 3.14159265358979323846
#p_2 7/2=1.57079632679489661923
#p_4 7/4 = 0.78539816339744830962
#te e= 2.7182818284590452354
#sqrt2 2= 1.41421356237309504880

#sqrt12 1/v/2= 0.70710678118654752440

#c c= 2.99792458 x 10® (speed of light in vacumn)
#g g= 9.80665 (acceleration of gravity)
#h h= 6.626176* 1073 (Planck’s constant)

#ec 1.6021892 % 10~ (elementary charge)

There are also some handy metric conversion ratios predefined:

#cm2in 0.393701 (centimeters to inches)
#km2mile 0.62137  (kilometers to miles)
#gm20z 0.03527  (grams to ounces)

#kg21b 2.20462  (kilograms to pounds)
#12gal 0.21998  (litres to imperial gallons)
#12usgal 0.26418  (litres to US gallons)

(Note that new constants can be created by using new_constant/2.)

e functor constant terms
These are either a sequence of alphanumeric characters (including “_” | starting with a
lowercase letter; or a sequence of characters from the set,

{4/ 5<=>707"}

1These are not anonymous variables.
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Wy

Also any sequence of characters delimited by single quotes is allowed, e.g. foo +
bar’ is a functor constant (atom) with that name including the blanks. The special
constant “[]” denotes the empty list or nil. Note also that the special arithmetic
function symbols, though having the same syntax, are arithmetic terms and not functor
terms.

e String constant terms
This is any sequence of characters delimited by double quotes ("). NOTE: At present
the interpretation of strings in the syntax has not been finalized and all strings are
being treated as functor constants (i.e. the single quote form). This differs from some
PROLOG’s which use this syntax as an alternative notation for lists.

An arithmetic term is either a variable, numeric constant or a compound term built up
from arithmetic terms in the usual way using the arithmetic function symbols: +, -, *, /.
sin, arcsin, cos, arccos, pow, abs, min and max. For example,

X

3.14159
42e-8

X+Y

sin(X + 2.0)
X+Y)/ 4

are all valid arithmetic terms. However,

f(a)
c +5.0
cos(f(3))

are not. The arithmetic terms are interpreted as having their usual meaning as arithmetic
expressions. Operator precedences for the arithmetic function symbols follow the normal
convention?. Parentheses can be also used to escape the application of the default operator
precedences.

Functor terms are either variable or functor constant terms or compound terms. A com-
pound functor term has the form f(¢1,%,---,tx) where N > 0, f is an N-ary uninterpreted
functor and t,%y,---,tx are (not necessarily functor) terms. The functor is uninterpreted,
meaning that the functor is simply to be treated as a symbolic constant, as opposed to
the arithmetic terms, which are interpreted. The allowable syntax of the functor symbol f
is that of any functor constant term. The other compound functor terms are lists, which
are specified using the usual PROLOG list notation ([L]), for example “[a, b]”. A dot
notation for lists, as in “a.b.[]”, may also be used. For example, the following are valid

2User defined unary or binary operators in the standard PROLOG fashion using op/3 are also supported.
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terms:

[a, 1+X]
£([3.12, g(a)])
f(c)

£(X)

£(3.14159)
g(22, h(4))

f(X + 3)

A constraint is either an arithmetic constraint or a functor constraint. The former is
defined to be of the the form t; A ¢5 where t; and ¢y are arithmetic terms and A is one of
the arithmetic relations =, >=, <=, >, and <. For example,

X>5.0
X+Y+27Z=3
X <=Y
X =YV
3 = sin(X)
1.234 + X <Y

Y, 3)
5

o]
(o]
=
—~
>
A Il O

A functor constraint is of the form #; = ¢, where each of ¢; and ¢, is either a variable or a
functor term. We shall sometimes refer to a functor constraint as a functor equation below.

2.2 Some Simple Programs

Now we will look at some example programs without considering the details of their execu-
tion. The first example is a program expressing the relation £ib(N, X) where X is the Nth
Fibonacci number.
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fib(0, 1).

fib(1, 1).

fib(N, X1 + X2) :-
N>1,

fib(N - 1, X1),
fib(N - 2, X2).

To compute the 10th Fibonacci number, we can use the goal
?7- fib(10, 2).

while to find out which Fibonacci number is 89, we can use the goal
7- fib(X, 89).

The next program describes the relationship between two complex numbers and their prod-
uct. We will represent the complex number X + iY as the term c(X, Y).

zmul (c(R1, I1), c(R2, I2), c(R3, I3)) :-
R3 =R1 * R2 - I1 *x I2 ,
I3 =R1 *x I2 + R2 * I1 .

Any of the following goals will return a unique answer. The first goal asks for the product
of two complex numbers, while the other two ask for the result when one complex number
is divided by another.

?- zmul(c(1l, 1), c(2, 2), Z).
?- zmul(c(1l, 1), Y, c(0, 4)).
?- zmul(X, c(2, 2), c(0, 4)).

Notice how both operations are described using the definition of complex multiplication,
rather than writing a separate rule that divides complex numbers by first realizing the
divisor and then multiplying. This declarative aspect will be an important feature of many
of the programs we look at. Also notice that both of the programs we have seen so far have
been invertible in the sense that it did not matter which terms in the goals were ground and
which were not. This is a property that we will try to obtain as often as possible when we
define programs or parts of programs. As a further example, the special pow function can
be used to compute powers, roots and logarithms of an arbitrary base. The rules below for
square root,

sqroot (X, pow(X, 0.5)):-
X >=0.

sqroot (X, -pow(X, 0.5)) :-
X>=0.
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state that a non-negative number has a positive and negative square root. Finally consider
the following program, which relates the key parameters in a mortgage.

mortgage (P, Time, IntRate, Bal, MP) :-
Time > 0, Time <= 1,
Bal = P *x (1 + Time * IntRate/1200) - Time * MP.
mortgage (P, Time, IntRate, Bal, MP) :-
Time > 1,
mortgage (Px(1 + IntRate/1200) - MP, Time-1, IntRate, Bal, MP).

The parameters above are principal, life of the mortgage (in months), annual interest rate (%)
which is compounded monthly, the monthly payment, and finally, the outstanding balance.
The goal

?7- mortgage (100000, 180, 12, 0, MP).

asks the straightforward query as to how much it would cost to finance a $100,000 mortgage
at 12 percent for 15 years, and the answer obtained is MP = 1200.17. We can ask the
question backwards:

?7- mortgage(P, 180, 12, 0, 1200.17).
to obtain the expected answer P = 100000, or ask for how long a mortgage is needed:
?7- mortgage (100000, Time, 12, Bal, 1300).

Here we get the answer Time = 147.365. The main point of this example, however, is that
we can ask, not for the values of, but for the relationship between P, MP and Bal. For example,

?7- mortgage(P, 180, 12, Bal, MP).
gives the answer
P = 0.166783 * Bal + 83.3217 * MP

This particular example illustrates how answer constraints may be viewed as a partial eval-
uation of the program. In this case, the equation above is the result of partially evaluating
the program with respect to Time = 180 and I = 12.

2.3 The Type Issue

Informally, one of the two types in CLP(R) is given by the real numbers, and the other by
the remaining ground (variable-free) terms. Strictly speaking, CLP(R) is a statically typed
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language in the sense that variables, uninterpreted functors and predicates in a program
must be used in a consistent way with respect to their type. That is, each variable and
each argument of every predicate and uninterpreted functor is first acknowledged to be of
a certain type. The program is then considered to be ill-typed if, for example, a variable
appears both in a functor constraint and an arithmetic constraint; similarly, the program is
ill-typed if one occurrence of a predicate or uninterpreted functor has a number in the first
argument while, in another occurrence, it has a functor term in the first argument.

For programming convenience, however, CLP(R) does not perform such type-checking at
compile time. This decision is based on the fact that it is often useful to overload a symbol,;
for example, one may want a database p of both numbers and letters:

p(1).
p(2).
p(a).
p(b).

and one may run a goal containing p(X) and some constraints used for selection within the
database. Note that by not performing type-checking, one can have a runtime type error.
That is, an execution sequence which fails because of a “type clash”. Often such failures
indicate that there is an error in the program. The CLP(R) system will not distinguish such
failures from failures obtained from well-typed constraints.

A straightforward way of thinking about the type issue when writing CLP(R) programs
is that whenever an arithmetic term appears in a rule, for each variable X therein, we can
implicitly add a corresponding atom real (X) to the body of the rule. The system predicate
real/1 is true just in case there is a real solution for X in the context of the current collection
of constraints.
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Programming in CLP(R)

3.1 Preliminaries

Before we can look at more advanced programming examples, it is necessary to have some
idea of how the programs are executed. This is similar in flavor to the way PROLOG
programs are executed, but the basic operational step of unifying an atom with the head of
a rule is replaced by something more general. In this preliminary section, we assume that
all arithmetic constraints are linear; the general case is discussed in a later section.

The computation begins with a goal and an initially empty set of collected constraints.
The usual left-right atom selection rule is used to select either an arithmetic constraint or
an atom at each stage. When a constraint is selected, it is added to the set of collected
constraints, and it is determined whether the resulting set has a solution. If there is no
solution, backtracking takes place in the usual way. On the other hand, when an atom is
selected, the set of rules is searched in the usual top-down fashion, each time matching that
atom with the head of some rule. Such a match is realized by an equation between these
two atoms; such an equation is treated like any equation between terms.

As before, it is required that the system of constraints collected so far has a solution. In
general, solving this equation proceeds at first by unifying the syntactic parts of the terms
in the usual way. However, these terms may contain arithmetic terms. As arithmetic terms
have a special meaning, they are not unified syntactically, but rather an equation between
them is solved in the domain of real arithmetic.

Let us consider some examples. We start with a program that has no explicit constraints
or arithmetic terms, effectively written in PROLOG.

10
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p(f(c)).
qg(X)) :-

p(f(X)).
?7- q(Y).

As the computation proceeds, the collected constraint set and current goal are as follows:

{} 7= q(Y).
{q(Y) = q(gX)) } 7- p(£(X)).
{a(Y) = q(gX)), p(EX) = p(£(c)) } 7- .

Note that only one successful path is shown here. Also, as we will discuss in more detail
later, the “answer” to this query is just the set of constraints collected, but “projected” onto
the goal variables, in this case Y. So the answer to the above query is

Y = g(o).
Now consider a program that includes both arithmetic terms and explicit constraints:

p(10, 10).

qw, c(U, V) :-
W-U+V-=10,
p(U, V).

?7- q(Z, cX+Y, X-Y)).

and again we only look at one successful path of the execution:

{} 2-q(Z, c@+Y, X-1)).

{(Z, c(X +Y, X -Y)) =qW, c(U, V)) } =W -U+V =10, pU, V).
{q(Z, cX + Y, X-Y)) =qW, c(@, V), W-U+V=10} 72 p@, V.
{---, pU,V) = p(10, 10) } 7- .

The answer for this derivation is

Y=0, X =10, Z = 10.

and we should notice that, as expected, it does not contain any mention of the variables U,
V., and W. Also note that, in general, the answers need not give values to variables, and it
is possible to get an answer constraint like

X+Y+Z=0, X>Y.

This facility is a very important and useful feature of CLP(R) as we will illustrate later.
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3.2 Delay of Nonlinear Constraints

In the above discussion of the operational model, we saw how each operational step results
in one or more constraints being added to the collected constraint set, and the new set
being checked for satisfiability. Because of efficiency requirements, there is a limit to how
sophisticated the decision algorithm for constraints can be, and consequently the collected
constraint set may get too complicated for the decision algorithm. In particular, consider
a case when the collected constraint set is solvable, but one constraint is added that makes
the set so complicated that it is not practical to decide whether it has remained solvable.

A naive approach to dealing with this problem is simply to disallow expressions that
can result in such complexity. This is tantamount to disallowing all nonlinear constraints.
The loss in expressive power is, however, unacceptable. Instead, CLP(R) allows nonlinear
constraints but keeps them in a delayed constraint set. More precisely, at each operational
step, instead of blindly adding each constraint to the collected constraint set and incurring
the cost of performing a satisfiability test, we remove certain constraints that would make
the set too complicated. We keep these removed constraints in the delayed constraint set.
Additionally, at each step it is possible that some constraint in the delayed constraint set
need no longer be delayed because of new information. In this case it should be moved from
the delayed constraint set to the collected constraint set and the usual solvability check made.
Note that, in general, the notion of which expressions are “too complicated” is dependent
on the implementation. In CLP(R) only the nonlinear constraints are delayed.

Now let us consider an example where the collected constraint set is initially empty; then
suppose we obtain the constraint

V=1H=%R.
This is placed in the delayed constraint set. Continuing, if the next constraint is
V=10

it may be added to the collected constraint set, but note that it is still not easy to decide
whether the two constraints together are solvable Now consider what happens if the next
constraint is

R = 5.

This gives us enough information to make the delayed constraint linear, so we simply remove
this constraint from the delayed constraint set, place it in the collected constraint set, and
check that it is solvable, which of course it is. Note that the delayed constraint set may
have contained other constraints, which may have to remain there until much later. Also
note that because of this delay mechanism, we may continue through a certain computation
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sequence even though the collected and delayed constraint sets together are not solvable.
In the worst case it can result in an infinite loop. This is the price we pay for an efficient
decision algorithm.

As we have already stated, in the CLP(R) system a linear equation or inequality is always
considered to be sufficiently simple to be solved immediately, but nonlinear constraints are
delayed until they become linear. This includes the functions sin/1, arcsin/1, cos/1,
arccos/1, pow/2, max/2, min/2 and abs/1  which are delayed until they become simple
evaluations in one direction or another. This means that sin and cos require the input to
be ground, while pow requires at least two out of three arguments to be ground, except in
cases such as

X = pow(Y, Z)

where Z = 0. The reason is that Y is defined to be 1 for all values of Y. Note that while this
is sufficient to determine the value of X, Y remains non-ground. There are similar special
cases when Z is 1, and when Y is 0 or 1. The functions arcsin and arccos are delayed until
either the input is ground or the result of the function is ground. They are also different
in that they are functions and the input domain for arcsin ranges from —7/2 to 7/2 and
arccos from 0 to m whereas sin and cos are defined for any number in radians. Thus
sin and cos behave as relations which is non-invertible while arcsin and arccos are true
functions which are invertible. See Section 5.2 for a more precise definition of the delaying
conditions for the different nonlinear functions.

As a final example, consider the mortgage program in Chapter 2, and consider the goal:
?7- mortgage (120, 2, IR, 0, 80).

This will give rise to nonlinear constraints, and the system returns a quadratic equation as
the answer constraint:

80 = (0.1*IR + 40) * (0.000833333*IR + 1)

and indicates that this is an unsolved answer. Note that while CLP(R) cannot determine
whether this equation is solvable, the equation indeed describes the correct answer.

3.3 The CLP(R) Operational Model

We now precisely but informally define the operational model of CLP(R). A goal G is writ-
ten in the form C, D ?- E where C is a satisfiable collection of constraints, D a collection
of nonlinear constraints called the delayed constraints, and E a sequence of atoms and con-
straints. In what follows, we define how such a goal is reduced into another in the context
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of an ongoing derivation.

In reducing a goal C, D ?- E, CLP(R) either selects an element from E, call this a
forward reduction, or selects a constraint from D, call this a wakeup reduction. Initially, C
and D are empty, and CLP(R) attempts to make a forward reduction.

Forward reductions

If E is empty, then we say that the goal is terminal, and no more reduction of the goal
is possible. If D is also empty, then the derivation is successful; otherwise, the derivation is
conditionally successful (depending on the nonlinear constraints).

Now consider the case where E is nonempty; let EO denote the first element of E and let
E2 denote the remaining subsequence of E.

If E0 is an atom, then EO will be selected for atom reduction in the manner described
above. First, an appropriate program rule will be selected. The atom and rule head will
then be matched, giving rise to a collection of constraints, which we will write as M1 & M2
where M1 consists only of linear constraints and M2 only of nonlinear ones. The new goal
consists of (a) C & M1 in its first component; (b) D & M2 in its second component, and (c)
the body of the rule and E2, sequenced in this order, in its third component.

If EO is a linear constraint, then the reduced goal is C & EO, D ?- E2 providing C & EO
is satisfiable; otherwise there is no reduced goal and the derivation is finitely failed.

Finally, if EO is a nonlinear constraint, then the reduced goal is C, D & EO0 ?- E2. That
is, the constraint EQ is simply delayed.

Wakeup reductions

Let the goal at hand be C, D ?- E. This reduction step starts by considering whether
there is a delayed constraint DO in D which is in fact linear. That is, C implies that DO is
equivalent to a linear constraint. If there is no such delayed constraint, then no reduction is
performed.

Otherwise, consider the case in which C is inconsistent with this linear constraint. Here
reduction is not possible and a finitely failed derivation is obtained. However, if C is consistent
with the linear constraint, then the reduced goal is C & DO, D2 ?- E where D2 is result of
deleting DO from D.
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3.4 Meta—programming

In the context of Prolog, meta—programming refers to the destruction and construction of
rules and terms, and the examination and modification of the rulebase. All of the same
issues arise in CLP(R). However, some extra facilities are needed because of the special
nature of arithmetic terms and constraints. Furthermore, some of the remaining ones must
be modified. For example, without such extra facilities and modifications, there is no way
that a CLP(R) program can distinguish the two terms p(3 - 1) and p(1 + 1) since they
are semantically identical.

More specifically, the extra facilities and modifications are needed to:

e make arithmetic terms be interpreted syntactically, by introducing a coded form;
e convert coded forms of arithmetic terms into the appropriate arithmetic terms;

e obtain a coded form of [some projection of] the current constraint set;

e add appropriate constraints to asserted rules;

e examine the rulebase completely syntactically.

3.4.1 quote/1 and eval/1

First we introduce the macro-like operator quote/1. This is expanded in an outer-most first
fashion when expressions are first read. The argument of the quote operator is translated
to a version in which all arithmetic operators are translated to a special coded form, which
is not otherwise directly accessible to the programmer. This coded form can then be treated
like a functor term. In this discussion, such coded forms of arithmetic function symbols will
be be represented with a caret over them. For example, the rule

p(X, Y, quote(X + Y)).
would be read in as
pX, Y, X ¥ V).

and so on. Furthermore, the quote operator passes through all other function symbols,
constants, variables etc. without changing them. Thus for example, the rule

q(X,Y) :- X = quote(f(g(¥), 2 * Y)).

becomes
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qQ(X,Y) - X = £(g(¥), 2 % Y.

Of course, the original form of the rule is always shown when listing the database, etc., but
when printing a term, coded function symbols are printed preceded by a caret!. For example,
the query ?- q(X, 5). to the above rule would yield the answer X = f(g(5), 2 ~* 5).
Note that that the caret form of coded terms cannot be input directly, but only through
the use of quote. Additionally, to facilitate manipulating programs which themselves use
meta-programming facilities, we need coded forms of the quote operator itself, as well as the
new eval interpreted function symbol, which will be described below. This is why quote is
expanded outer-most first. For example,

P = quote(p(quote(X + Y), X + Y)) expands to
P = p( quote (X ¥+ Y), X ¥+ Y)).

Thus an occurrence of quote that appears within the scope of another quote will be trans-
lated to quote , and will not be quote-expanded. The eval interpreted function can be
coded by using quote as well, for example,

X = quote(eval(l + 2)) gives
X= eval (1 + 2).

Now, the major linguistic feature for meta-programming with constraints is the inter-
preted function symbol eval which converts a coded term to the term it codes. It passes
through uninterpreted function symbols, other than those that are coded forms of interpreted
ones, without changing them. Likewise for constants and interpreted function symbols. Some
examples:

X=1 % 2, U= eval(X) implies
U = 3.

X=Y % Z, U= eval(X) implies
U = eval(Y) + eval(Z).

X=Y % Z,U=¢eval(X), Y=1, Z =2 implies
U = 3.

The function eval has no effect on uninterpreted functors. For example, the goal
?7- X = f(a, glc)), U = eval(X).

results in both U and X being f(a, g(c)). However,
7- X = £(Y, g(c)), U = eval(X).

results in U being f (eval(Y), g(c)), as the “best” representation of terms containing eval

'In this manual, we take the liberty of placing the caret as an accent for readability
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is that with eval pushed inwards as far as possible.

Formally, the meaning of quote and eval are given by the axioms:

~

eval( f (tl, i) = f(eval(ty),:--,eval(t,)), n>0
eval(g(ty, tn)) g(eval(ty),---,eval(t,)), n >0

eval(quote(t)) =1

where f ranges over all arithmetic function symbols, g ranges over all uncoded function
symbols different from eval, and ¢, ¢4, ---,t, range over terms.

In general, deciding the satisfiability of constraints involving quote and eval is a non-
trivial problem. Consider for example the two equations:

—

f(eval®(z),eval®(y)) = f(quote(eval*(y)),quote(eval®(z)))

—

feval®(z),eval*(y)) = f(quote(eval®(y)),quote(eval®(z)))

The first of these constraints is solvable, while the second is not. There is in fact an algorithm
to deal with such constraints in their full generality. However, for efficiency reasons, CLP(R)
implements a partial algorithm: maintaining constraints so that eval appears only in the
form X = eval(Y), these equations are delayed until the argument of eval is constructed.
In fact, the delay of such eval equations is implemented in much the same way as nonlinear
equations.

For example, consider the goal
?7- X = quote(U + 1), eval(X) =5, Y = eval(U) - 5.

After the first constraint, X is equal to U # 1, but after the second constraint, eval goes
as far through X as it can, so we obtain the simplified constraint eval(U) + 1 = 5, which
is further simplified to eval (U) = 4. Hence the third constraint results in Y being -1.

However, if the goal were permuted to
7- eval(X) = 5, Y = eval(U) - 5, X = quote(U + 1).

the first and second constraints both result in delayed eval constraints. The third constraint
wakes the first delayed eval since X is now constructed, resulting in the constraint eval (U)
+ 1 = 5 again, which, together with the second delayed eval constraint — which is not
awakened — results in Y being grounded to -1 again.

As a final example, consider the goal
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?- eval(X) + eval(Y) = 4, eval(X) - eval(Y) = 1.

which is rather silly in isolation, but could arise as the result of a longer computation. In
this case, the answer constraints are eval(X) = 2.5, eval(Y) = 1.5 although the values
of X and Y cannot be determined uniquely. For example, X might be 2.5, or 1 # 1.5,
etc. It should be noted that the eval mechanism described here is an approximation to that
proposed in [7].

3.4.2 rule/2, retract/1 and assert/1

Next we consider how these basic facilities may be used for reasoning about programs (see
also Section 4.8 which describes how to use the dynamic code facilities). The canonical
application for such reasoning is the meta-circular interpreter, discussed in detail in [7]. Like
the clause/2 predicate of Prolog, we require a system predicate rule/2 such that the goal 7-
rule(H, B) behaves as if there were facts rule(E, F) for each rule E :- F in the program
(and of course rule(A, true) for each fact A).

There is, however, one aspect of rule which has no analog in clause: arithmetic func-
tion symbols will become coded. More precisely, the system predicate rule behaves as
if there were facts rule(quote(E), quote(F)) for each rule E :- F in the rulebase (and
rule(quote(A), true) for each fact A). We note that a direct analog to clause can be
written in terms of rule:

analog to_clause(H, B) :-
functor (H, Name, Arity),
functor (H1, Name, Arity), % rule needs a constructed head
eval(H) = eval(H1),
rule(H1, eval(B)).

In a similar fashion, the CLP(R) system predicate retract/1 is like that in PROLOG but
differs in that one matches arithmetic function symbols with their coded forms. As before,
a direct analog to the PROLOG’s retract can be written as follows:

analog_to_retract(eval(R)) :-
functor (R, Name, Arity),
functor(R1, Name, Arity), % retract needs a constructed argument
eval(R) = eval(R1l),
retract (R1).

Now consider the following example program:
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(a) p(1, 1.5).

(b) p(X, Y) := Y =2 % X.
(c) p(X, 2 x X).

(d) p(X, 2 + X).

The goal ?- retract(quote(p(X, 2#X))) removes only the rule (c). The goal
?7- analog_to_retract(p(X, 2*X))
on the other hand, should remove rules (c) and (d).

As explained in [7], assert/1 in CLP(R) differs from that in PROLOG not just because
of term codings; additional constraints may have to be added to the asserted rule. For
example,

?7- X +Y > 2, assert(p(X, Y)).
results in the rule

pX, Y) (=X +Y > 2.
As another example, the goal:

7- X+Y=2,X>0,Y-2xX<=2, X>W, Y-X>1,
assert(p(X, Y)).

asserts the rule:
p(X, Y) (- Y=-X+2, X<=0.5, X <= 0.

Note that a considerable simplification of the initial constraints has occurred. More gener-
ally, this supports a technique of constraint partial evaluation. This technique consists of
executing a query, and then using the simplified form of the answer constraints to construct
new rules. These new rules represent a specialization of the program with respect to that
query. For example:

resistor(V, I, R) :- V=1 *x R.

?- resistor(V, I1, R1), resistor(V, I2, R2),
I =11+ I2,
assert( parallel resistors(V, I, R1, R2)).

results in the assertion of a rule describing the equivalent voltage-current relationship of a
pair of resistors connected in parallel?:

2The actual names of variables in the rule being asserted will be internally constructed names but we will
use the original ones for clarity
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parallel resistors(V, I, R1, R2) :-
V =12 x R2,
V=(-1I2) *RL.

The facilities we have discussed for adding rules to the database have provided no control
over the exact syntax of the rule added. For example constraints may be simplified and/or
rearranged before the rule is added. It is particularly important in some applications to have
complete control over the syntax of rules added to the database. This control is provided by
using a coded form of the rule to be asserted, where assert of a coded rule is defined to
add the rule that is coded. For example, the goal

7- assert(quote( p(X, X +X) :- X -3>0)).
asserts the rule

piX, X+X) :-X-3>0.
In contrast, the goal

?7- assert(p(X, X + X) :- X -3 > 0).
could, for example, add the (semantically equivalent) rule:

p(X, ¥Y) : =Y =2%X, Z=X -3, Z > 0.

3.5 Output

An important feature of the CLP(R) system is its ability to output the collected constraints
of a successful derivation in a simpler form. In a typical derivation, thousands of constraints
may be collected, and printing them out without simplification would lead to an unusable
answer. When a derivation succeeds the output module of CLP(R) is invoked to print the
constraints relating the variables in the goal. The module can also be invoked using the
system predicate dump([X,Y,...,Z]), discussed later.

The CLP(R) system attempts to simplify the constraints in two ways: by projecting the
constraints onto a set of target variables (those appearing in the original goal or given by the
user in the argument of dump), and by eliminating redundancy in the constraints. Ideally
the output constraints will only involve target variables and be free of redundancy, but this
will not always be possible.

Recall that there are constraints of four different forms:
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functor constraints, e.g. X = £(Y, a, g(Y))

linear equations, e.g. 3*X + 4*%Y = 6

linear inequalities, e.g. 3*X > 4 + Y

non-linear equations, e.g. X = Y * Z, T = pow(U, V), U = eval(V)?3

Each of these constraint types is handled differently and in turn.

3.5.1 Outline of Algorithm

In this section, we outline how the output is obtained to give a flavor of the kinds of simpli-
fications and reductions that are possible in the answer constraints.

Functor equations are handled first, and in much the same way as in PROLOG. The
constraints are stored in solved form using bindings, and printing the simplest form of each
target variable simply involves printing their term representation. For example

7-X =1, 2), Z = g(a, V), dump([X, Y]).
results in the output
X = £, gla, Y)).

Note that there is no equation for Y since it is its own term representation. With functor
equations, it is not always possible to present the output in terms of target variables alone,
and some non-target variables are printed out using an internal name. For example,

- X =1, Z2), Z = g(a, Y), dump([X]).
results in an output such as
X = £(_h6, gla, _h6)).

Linear equations are used to substitute out non-target variables in the following manner. If £
is a linear equation containing non-target variable X, then we rewrite E into the form X =1
and substitute ¢ for X in all the other constraints (including functor equations, inequalities
and non-linear equations). Consider, for example

7-T=3+Y,X=2%xY+U, Z=3x%0U+Y, dump([X, T, Z]).

3Delayed constraints involving eval are treated like nonlinears.
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First, we eliminate Y using the first equation ¥ = 3 — 7" and obtain
X=2xT-6+0U,2=3x0U+T-3.

Then we eliminate U using the the first equation and obtain
Z = 3xX - b*T + 15.

This is the final answer since only the variables X, T and Z remain.

Linear inequalities are more difficult to handle than linear equations. We will not go into
the details of how variables can be eliminated from inequalities except to mention that a
variation of Fourier-Motzkin elimination [19] with some improvements is used (see [11] for
more details). In general, eliminating variables from inequalities can be expensive and the
projection can contain an exponential number of inequalities.

We finally deal with the nonlinear equations. In general, the algorithm here simply
outputs each nonlinear equation unless it has been used as a substitution. We will not define
formally what exactly constitutes a substitution, but will discuss some examples. Recall
that each non-linear constraint takes the form X =Y %« Z, X = sin(Y), X =cos(Y), X =
pow(Y,Z), X = max(Y,Z), X = min(Y,Z) or X = abs(Y). Each of these equations can
be used to substitute for X if X is a non-target variable. For example,

?7- Y =sin(X), Y = cos(Z), dump([X,Z]).
leads to the output
sin(X) = cos(Z).

As in the case for functor equations, we cannot in practice eliminate all non-target variables
appearing in non-linear constraints. As before, we display any non-target variable using an
internal name.

A Complete Example

Consider the goal

?7- X=f(V,M),V=a, N=2%T, Y=4%T, Z=R+T, M=N *R,
Y+ 2Z> U, U>T, U> R + N,
dump ([X, Y, Z1).
First we eliminate V' by substitution obtaining
X=f(a, M), N=2*xT, Y=4x*xT, Z=R+T, M=N *xR,

Y+ Z>U,U>T, U>R+N
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Next we eliminate N using the second constraint obtaining

X=fFf(a, M), Y=4 T, Z=R+T, M= (2 *T) xR,
Y+ Z>U, U>T, U>R+ 2 % T

Next we eliminate 7" using the second constraint obtaining

X=fFf(a, M), Z=R+0.256 xY, M= (0.5 *xY) xR,
Y+ Z>TU, U>0.256 xY, U>R+ 0.5 xY

Next we eliminate R using the second constraint obtaining

X=1Ff(a, M), M= (0.5 xY) x (Z-0.25 xY),
Y+ Z>U,U>0.256xY, U>2Z+ 0.256 xY

Next we eliminate U from the inequalities (and here the individual steps taken may not be
so obvious), obtaining

X=1=f(a, M), M= (0.5 xY) x (Z-0.25 xY),
0.7 x Y +Z >0, 0.7 x Y >= 0

Finally, we eliminate M using the second constraint, and as output we obtain (after per-
forming some straightforward scaling) the constraints

X =fF(a, (0.5 xY) * (Z-0.25 xY)),
0<Z+0.75 Y,
0<=Y

We finally remark that we can obtain an empty output using the algorithm just outlined.
This indicates that there are no restrictions on the values that the target variables can take.
For example,

7-T=3+Y,X=2x%xY+U, Z=3x%U+Y, dump([X, Z]).

results in no constraints at all. In such cases, the distinguished predicate real/1 is then
used to indicate that certain variables are arithmetic, and that no further constraints are
upon them. In this example, we will output the constraints

real(X), real(Z).

3.5.2 The dump System Predicates

The basic facility for output in CLP(R) is the system predicate dump/1, mentioned above,
whose argument is a list of target variables. Note that, to use this predicate, the target
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variables must appear explicitly in the argument (as in dump([A, B])) and not be passed in
(asin X = [A, B], dump(X)). This is because the names of the target variables are actually
used in the output. The ordering of variables in the list is used to specify a priority on the
variables with the later variables having a higher priority. Since dump outputs constraints,
there are many equivalent forms of the same set of constraints and the priority ordering is
used to express higher priority variables in terms of the lower ones. This gives one form of
control over the output from dump. For example, the goal

?7-X =2 %Y + 4, dump([X, YI)
gives Y = 0.5 x X - 2

whereas the reverse order would give back the original constraint.

The predicate dump/2 is a refinement of dump/1, and is designed to be far more flexible.
Its first argument is, as before, a list of target variables. Its second argument is a list of
constants to be used in place of the original target variables in the output. For example,

?- Names = [a, b], Targets = [X, Y], X > Y, dump(Targets, Names).

results in the output a > b. This predicate is useful when the names of target variables
are known only at runtime. More precisely, the operation of dump/2 is as follows: let the
first and second arguments be the lists [¢1,---,%,] and [ui,- -, u,], where the ¢; and u; are
arbitrary terms. Construct new variables 71, ---,7T,, and add to the current collection of
constraints the equations 77 = ty,---,7,, = t,,. Now obtain a projection of the augmented
constraints w.r.t. Ty, - - -, T},. Finally, output this projection renaming each target variable 7;
by its new name u;.

In meta-programming it can be useful to obtain the coded form of the constraints with
respect to given target variables. This facility is provided by the system predicate dump/3.
There are three arguments because it is not sufficient to simply provide the variables to be
projected upon (1st argument) and the variable that receives the coded form (3rd argument).
The 2nd argument is a list of terms that are to replace the original variables in the coded
form, and hence the lengths of the two lists must be the same. For example,

?- NewVars = [A, B, C], Targets = [X, Y, Z], X > Y + Z,
dump(Targets, NewVars, Answer).

~

results in the binding Answer = [ = A % B % C < 0].

There are two reasons for having such a second argument. First, it is very inconvenient to
manipulate a coded form containing variables that have the original arithmetic constraints
still imposed on them — in particular, printing such a term leads to highly counter-intuitive
results. Second, in many cases it is more convenient to manipulate ground representations
of the coded forms. That is, with syntactic constants replacing the variables. The terms
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resulting from manipulation can then have the original (or other) variables substituted into
place easily.

We conclude with a larger example. We will assume that the predicate p/2 sets up a
constraint such that the first argument is a (polynomial) function of the second, and that
diff/2 implements symbolic differentiation on coded forms of arithmetic constraints. Then,
to find the turning point of the functional relationship established by p/2, we can use the
following goal:

solve(DYDX,X) :- eval(DYDX) = O.

p(Y, X) :-
T=X+1,
Y=T=xT.

7- p(Y, X), % collect a function Y(X)
dump(L[Y, X1, [v, Ul, 2), % get coded form of Y(X)
Z=1[C]l, C=.. [’=", V, RHS], % assume Z of the form [V = f(U)]
diff (RHS, DVDU), % symbolic differentiation
solve (DVDU, U), % find extremum

printf ("Turning point: X = %, Y = %\n", [U, V]).

3.6 Some Programming Techniques

Here we collect a number of small programs that serve to illustrate some interesting pro-
gramming techniques.

A Crypto-arithmetic Puzzle

Consider one of the standard crypto-arithmetic puzzles. We require an injective assign-
ment of digits 0,1,---,9 to the letters S, E, N, D, M, O, R, Y such that the equation

SEND
+ MORE

holds. The program first imposes certain constraints on the values. Then it tries to assign
possible values to the letters. The problem is combinatorially explosive and so a naive gen-
erate and test solution would be very inefficient. In contrast, the straightforward program
below runs quickly in CLP(R).
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The program illustrates how CLP(R) can be used to advantage in solving problems over
integer domains. Because the unsolvability of constraints in R implies their unsolvability
over the integers, CLP(R) can prune the search space significantly without the expense of
invoking an integer solver. For CLP programs in general, the key issue is the trade-off between
the power and the speed of the constraint-solver: powerful solvers entail smaller search spaces
but are costlier to run. For CLP(R) in particular, the use of a real-number-based solver to
approximate constraint-solving over a discrete or finite domain is one important realization
of this trade-off.

solve([S, E, N, D, M, 0, R, Y]) :-
constraints([S, E, N, D, M, 0, R, Y1),
gen_diff_digits([S, E, N, D, M, 0, R, Y]).

constraints([S, E, N, D, M, 0, R, Y]) :-
S> 0,E> 0, N> 0, D> 0, M
S <=9, E<=9, N< 9, M
S> 1, M> 1,
CL1 >=0, C2 >0, C3 >0, C4 >=0,
Cl=1, C2<x=1, C3<k=1, C4 <=1,

v
I
© o
o o
v
I
© o
o =
v
I
o
!
Y
I
o

I
©
[w]
A

I
A

I
A

I
A

I
©
!
A

I
©

-

M = C1,

C2+S+M=0+Cl *x 10,
C3+E+0=N+ 10 x C2,
C4+N+R=E+ 10 x C3,

D+E=Y + 10xC4,
bit(C1), bit(C2), bit(C3), bit(C4).

bit (0).
bit(1).

gen_diff_digits(L) :-
gen_diff_digits(L, [0, 1, 2, 3, 4, 5, 6, 7, 8, 91).
gen_diff_digits([1, _).
gen_diff_digits([H | TI, L) :-
select(d, L, L2), gen_diff_digits(T, L2).
select(H, [H | T]1, T).
select(H, [H2 | T1, [H2 | T2]) :-
select(H, T, T2).

?- solve(S, E, N, D, M, O, R, Y).

Critical Path Analysis
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This program uses local propagation to compute start, completion and float times for a
project network. Significantly, the constraint paradigm allows the program to compute these
values by making only one pass of the project network, as opposed to the three passes that
would be needed using a conventional programming language.

Most of the program is basically parsing the input and building an adjacency graph out
of the network. Then the latest completion time and earliest starting time for every node is
simply the minimum of the time required for the outgoing events and maximum of the time
of the incoming events.

cpm(Network, Graph, Latest) :-
build (Network, Graph),
early_late(Graph, Graph, End, Latest),
Latest >= End,
analyse(Graph, Graph).

cpm(Network, Graph) :-
build(Network, Graph),
early_late(Graph, Graph, End),
analyse(Graph, Graph).

% Build adjacency graph out of the network ... build([], Graph) :- ...
% Get early start times and latest completion times

% early/4 is used when a ending time is given

% otherwise early/3 assumes that the early start time

% for the end node is equal to the latest completion time

early_late([1, _, _, _).

early_late([ad(I, Es, Lc, To, rom | T], G, End, Latest
setearly rom, To, G, End, Es ,
setlate To, G, Latest, Lc ,
early_late T, G, End, Latest .

early_late [1, _, _ .

early_late [ad I, Es, Lc, To, rom | T], G, End
setearly rom, To, G, End, Es ,
setlate To, G, End, Lc ,
early_late T, G, End .

setearly [1, _, _, _, 0 .
setearly [ed V, C, _, _, _, _ | T1,[1, G, Es, Es
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getnode V, G, Esl, _ ,
setma T, G, Esi C, Es .
setearly [ed V, C, _, _, _, _ | T], _, G, End, Es
getnode V, G, Esl, _ ,
setma T, G, Esl1 C, Es .

setma [], _, Ma , Ma .

setma [edV, C, _, _, _, _ | T], G, Ma 0, Ma
getnode V, G, Esl, _ ,
setma T, G, ma Ma 0, Esi C , Ma

setlate [], _, Last, Last .
setlate [ed V, C, _, _, _, _ | T1, G, Last, Lc
getnode V, G, _, Lcl ,

setmin T, G, Lcl1 C, Lc .

setmin [], _, Min, Min .

setmin [ed V, C, _, _, _, _ | T], G, MinO, Min
getnode V, G, _, Lcl ,
setmin T, G, min MinO, Lci C , Min .

% Search graph for the early 1late times for a node
getnode I,[ad I, Es, Lc, _, _ | T], Es, Lc .
getnode I,[H | T], Es, Lc

getnode I, T, Es, Lc .

% Compute the other times:

h Ls latest start time

b Ec earliest completion time
h Tf total float time

h f free float time

analyse [1, G .

analyse [ad I, Es, Lc, To, _ | T], G
analyse_times To, Es, Lc, G ,
analyse T, G .

analyse_times [1, _, _, _ .

analyse_times [ed V, C, Ls, Ec, Tf, f | Tl, Esi, Lci, G

getnode V, G, Esj, Lcj ,
X =Esi C,
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Ls = Lcj C,
Ec = Esi C,
Tf = Lcj X,
f =Esj X,

analyse_times T, Esi, Lci, G .

print_analysis G

A goal might be

? cpm [
[n1, n, 4], [n1, n, 1, [n1, n4, 4], [n , n5, 71,
[n ,n, 1], [n, n7, 8], [n, n5, 4], [n4, n6, 1,
[n5, n6, 1], [n5, n7, 1, [n6, n7, 4]1], G ,
print_analysis G .

A imple Circuit ol er

The following program performs DC analysis on circuits containing resistors voltage
sources and diodes. The circuit analysis is decomposed in a hierarchical fashion. The in
dividual components are modelled directly by constraints such as Ohm s law. Then the
components are connected together and the global circuit constraints on the currents and
voltages as specified by irchoff s laws are used to define the whole circuit.

solve_dc C, L
solve C, [1, L ,
solve_current L .

% solve for every circuit component

solve [], L, L .

solve [[Comp, Name, ar, Nodes] | T], In, Out
connect Name, Nodes, Volts, Amps, In, Tmp ,
component Comp, ar, Volts, Amps ,
solve T, Tmp, Out .

% sum of currents at each node are ero
solve_current []
solve_current [n N, V, IList | T]

kcl IList, O ,
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solve_current T .

kcl [1, O .
kcl [ Name, I | T], X
kel T, I X .

% connect the arcs which meet at a node

connect Name, [1, [0, [1, L, L .

connect Name, [N | T1, [V | VR], [I | IR], In, Out
add_arc Name, N, V, I, In, Tmp ,
connecting Name, T, VR, IR, Tmp, Out .

% create the voltage and currents
add_arc Name, N, V, I, [1, [n N, V, [ Name, I ] 1]
add_arc Name, N, V, I, [n N, V, IList | TI,
[n N, V, [ Name, I | IList]
add_arc Name, N, V, I, [X | T], [X | Ti]
add_arc Name, N, V, I, T, T1 .

component resistor, R, [Vi, V ], [I, I]
Vi V =1R.
component voltage_source, V, [V, 0], [I, I]
component diode, in914, [Vi, Vv 1, [I, TI]
diode in914, [vi, V ], [I, II
diode in914, [V1, V ], [I1, I ]

| T]

v=vVv1i Vv, V< 100, DV =V 100, I1 = 10 DV

diode in914, [V1, V ], [I1, I ]

v=Vvl®, VvV, V> 100, V< 0.6, I1 = 0.001 V.

diode in914, [V1, V ], [I1, I ]

v=VvVl V,V>20.6,DVv=V 0.6, I1 = 100 DV

A sample query which returns the currents and voltages in L

? R1 =100, R =50, V= 0,

solve_dc [[voltage_source, vi, V, [nl, ground]],

[resistor, rl, R1, [n1, n 1],
[resistor, r , R, [n , ground]l],

[diode, d1, in914, [n , ground]]l],

L .

0.

1.

0.0006.
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