Higher—Dimensional Chain Rules
I. Introduction. The one—dimensional Chain Rule tells us how to find the derivative of a composed function
w(t) = k(c(t)) in terms of k¥, ¢, and ¢/, in the case where k and ¢ (and therefore h) are real-valued functions
of one variable. As you are well aware, the Chain Rule says: If &' (c(t)) and ¢’(t) both exist then w’(t) exists

and is given by J
= [k(c(t))} = w'(t) = K (c(t)) ().

Now, the notion of composing functions extends to functions with more general domains and ranges. For
example, if

C(t) = (cos(t),sin(t) )

and

k(z,y) = a”eY,

then _
w(t) = k(C(t)) = cos®(t)es™®), (%)
and you might guess that there exists another chain rule, similar to the first one, for this situation. That
d -
guess would be correct: there is indeed a chain rule which gives T [k (C (t))] in terms of the functions k£ and

C and their derivatives. In fact, there is a whole family of chain rules, one for each case
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This handout will state and (almost) prove the first and simplest of these, the case in which n = ¢ =1 and
k=2
ook
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Note that (%) above is an instance of this case.
II. The (almost) proof. First, let me set the stage and introduce some notation.
[a]: Let C' = C(t) = (f(t),g(t)) be a planar curve, with (g, yo) = C(to) = ( f(to), g(to) ). I will assume
that C"(to) = ( f'(to), ¢ (to) ) exists.
[b]: Let k=k(z,y) be a real-valued function of two variables, defined in a neighborhood of
(20,y0) = C(tp). I will assume that k is differentiable at (z¢,yo), so that

|f(x,y) — L(z,y)|
(@y)—(zowo) || (2 — o,y — o ) ||

=0, (1)

where L(z,y) = k(xo0, y0) + kz (20, y0)(x — x0) + ky(z0,%0) (¥ — Y0)-

. x, = f(to+h)
[c]: For any h # 0, let {yh zg(t(?+h) }

Now I can state and prove the theorem.

Theorem. Let k and C be as above, and let w(t) = k(é(t)) Then w is differentiable at ty, and
w'(to) = ku(w0, y0) f'(to) + ky(20,90)g' (o). (2)

Proof. We begin with the definition of the (one-dimensional) derivative:

k(é(t() +h)) — k(é(t())) ~ lim k(f(to +h),g(to + h)) — k(f(to), g(to))
h h—0 h

o/ ()= Jn
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k’(l’m yh) - kj(l‘o, yo)
h | Q

I will break the problem of evaluating this limit into several steps.

= lim
h—0

Step 1. Add and subtract L(z,,y,) in the numerator of (3), so as to break (3) into two limit problems:

(3) = lim F@u ) = L@ yn) |y, B0 9) = ko, yo)
h—0 h h—0 h )

(B) (4)
if both of these limits exist.
Step 2: Evaluating the limit of (A). Since

L(2y,yn) = k(z0,90) + ke (w0, y0) (2n — 20) + ky (20, 40) (¥n — Yo),

(4) = ko (%0, yo)(x, — o) + ky(x0, ¥0) (Yn — Yo)

h )
so that
. . Ty — 20 . Yn — Yo
Jim (A) = lim ke, (20, yo) = + lim ky (w0, y0) =
i .. Tp — X0 .Y — Yo
= kz(z0,y0) }lllil% T + ky(z0,%0) }LIL% N
f(to+h) — f(to)

g(to +h) — g(to)
h

= kz(w0,%0) }ILILI}) + ky (w0, yo) }ILILI})

h

= ka(20,0) f'(t0) + ky(20,%0)9' (to)-
Thus, the limit of (A) is exactly w'(ty) (equation (2)).
limit of (B) is zero.

Step 3: Evaluating the limit of (B). Assume, for all h # 0, that (z,,v,) # (%o,v0)!, so that one can
multiply and divide (B) by || («n, s ) — (Z0,y0 ) ||. Consider the absolute value of (B):

|k(xm yh) - L(Cﬂm yn)

To prove the theorem, then, I must show that the

) = (o, m0) |

B = Y= (0,00 )
(©) (D)
It follows that
11H1| ’7 lim \k(xh,yh)*L(%ayh)\ 1im ||<$h,yh>*<$0,yo>||’ (4)
h—0 h=0 || (@, yn ) = (@0, y0) || h—0 |hl
©) (D)

if the two limits on the right exist. Furthermore, the limit of (C) exists and equals zero; this follows
immediately from equation (1). To finish the proof, T need only validate the step of distributing the limit
across the product in (4)—that is, it will be enough simply to show that the limit of (D) exists. Its value
will not matter.

Step 4: The limit of (D).

lim (D) = lim 17 80) = (20,90) |

h—0 h—0 |h|
- %%H (Enwn) — (z0,30)) |
- H lim E (Clto+h) = Clto)) H
=||C"(to) |- W

1 This additional assumption is what makes this an almost proof. One needs a tricky argument involving
properties of continuous functions to include the case in which the curve hits (g, yo) multiple times; this
same problem arises in the proof of the one-dimensional Chain Rule. I will not bother you with the details.
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II1. The gradient. It is important to note that (2) can be written as a dot product:

w'(to) = ka (w0, y0) /' (to) + ky (20, y0)g' (to) = (K (w0, o), ky (2o, o) ) - (f' (o) g (o)) -

The second vector in the dot product is an old friend, C”(t); this is the contribution of C' to w'(t). The
contribution of k is the vector on the left; this is something new.

Definition. The gradient of k at (zo,yo), denoted “Vk(xo,yo),” is the vector ( kz(xo,Yo), ky(Zo,%0) )-
With this definition, the chain rule can be stated:

w'(to) = VE(C(to)) - C'(to).

This way of viewing the chain rule is important; stay tuned for details.



