A Fundamental Theorem on Power Series

The theorem below guarantees that for any power series Z cnx", one of three things must happen:
[a]: The series converges only for x = 0;
[b]: The series converges for all z; or
[c]: The set of a’s for which the series converges is an interval of the form
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Theorem. Let x # 0, and say that chxk converges (either absolutely or conditionally). If y is any
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number such that —|x| < y < |z|, then Z cry® converges absolutely.
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Proof. Since chxk converges, klim cxz® = 0 (by Test for Divergence). From this it follows that all but
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finitely many terms have absolute value < 1, which means that there is some number K such that, for all n,
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Now choose any number y such that —|z| < y < |z|. Since |y| < |z|, we have
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Call this number r:
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We can now apply the PVCT: for any n,
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and Z Kr" is a convergent geometric series; so by PVCT, Y |c,y™| converges—that is, > ¢,y™ converges
absolutely. I



