Summary of Tests for Convergence or Divergence of Series

I. The fundamental definition.
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For a sequence { ay, }, let s, := Z ar. Then Z ay exists (and equals s) precisely if
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In other words,

iak=nliﬂgo<2ak)~

k=1 k=1
o0
If this limit exists, one says that the series Z ar, converges; if the limit does not exist, one says that the
k=1
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series Z ay, diverges. The sequence { s, } is called the sequence of partial sums of the series Z ag.-
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I1. Test for Divergence.
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Unless lim ax =0, Zak diverges.
k—o0
k=1
III. Geometric series.
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If -1 <r <1, then E ark = T— otherwise, E ar® diverges.
—-r
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IV. Arithmetic with Convergent Series.

If Zak = A and Zbk = B, then Z (ap £by) = A+ B, and ank = cA, for any number c.
k=1 k=1 k=1 k=1
V. The Integral Test and p—series.

Suppose f(z) is positive and decreasing for > a. Then

f(k) and h flx)dx
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either both converge or both diverge. Moreover, if they both converge, then for any n > a,
oo o0
/ f(x)dxgs—sng/ f(z)dx.
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An application: Let p > 0. The series
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> i
k=1

converges, if p > 1, and
diverges, ifp<1.

VI. Comparison tests
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Plain Vanilla Comparison Test. Suppose 0 < ap < by. If > by converges, then > aj converges.
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Equivalently: If > a diverges, then > by diverges. Moreover: if both series converge, then for any n,
k=0 k=0

s — sp| <[t =t
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where {S,Sn} —s Zak and {t,tn} — Zbk.

Limit Comparison Test. Let a;, > 0 and b > 0, and suppose that

[ee] [ee]
Then Y ay converges if and only if Y b converges.!
k=0 k=0

VII. Absolute convergence.

o0 o0
If E |ax| converges then E ap, CONVerges.
k=0 k=0
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In this case, one says that the series Z ay, converges absolutely:; if Z aj converges while Z |ak| diverges,
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then one says that Zak converges conditionally. In the case of absolutely convergent series, any
k=0

rearrangement of the terms produces a new series that converges to the same sum as did the old one. For a

conditionally convergent series, rearrangements can produce new series whose sequences partial sums { s,, }

will behave in almost any prescribed fashion whatsoever.

VIII. Alternating series.

Ifbg > by > by >--- >0, and if lim by = 0, then the “alternating series”
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will converge. Moreover,
ls — spn| < bpy1.

It is worth noting that of all the tests on this sheet, ONLY this one—the Alternating Series Test—can
detect conditional convergence. It is also important that you apply this test to Z ar, ONLY AFTER after
having considered Z |ak|.

IX. The Root and Ratio Tests.

Ratio Test. Suppose that the following limit exists:

L = lim |ak+1|.
k—o0 |ak|
Then
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L<1= > aj converges absolutely;
k:O:OO
L>1= ay, diverges;
k=0
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if L=1, >~ aj, might converge absolutely, converge conditionally, or diverge.
k=0

Root Test. Suppose that the following limit exists:

L= klim ¥ |ak|-

L If limit ¢ = 0 and > by converges, then Y ay converges. However, if ¢ = 0 and Y. by diverges, then
> ay, might either converge or diverge.



Then -
L<1= > aj converges absolutely;

k=0
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L>1= ay, diverges;
k=0
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if L=1, > aj might converge absolutely, converge conditionally, or diverge.
k=0

X. A final word.

It is essential that you pay careful attention to the precise statements of these tests: what conditions you
need to apply them and what you may and may not conclude after applying them. In particular, four of
them—the Test for Divergence, the Limit Comparison Test, and the Root and Ratio Tests—involve taking
limits. Do not forget, while taking one of these limits, what test you are applying and therefore what
conclusions you will be allowed to draw.



