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Abstract
We compute the center and nilpotency of the graded Lie algebra

m(QBauty (X)) ® @ for a large class of formal spaces X. The lat-
ter calculation determines the rational homotopical nilpotency of the
space of self-equivalences autq(X) for these X. Our results apply, in
particular, when X is a complex or symplectic flag manifold.

1. Introduction.

Given a CW complex X, let aut;(X) denote the identity component of
the space of self-equivalences of X and Baut;(X) the classifying space for this
topological monoid [3]. Recall that Baut;(X) classifies orientable fibrations
with fibre X [16, 1].

In this paper, we describe the structure of the rational homotopy Lie al-

gebra of the classifying space Baut;(X) when X is a formal space with a two-

stage Sullivan minimal model. We compare the calculation of 7, (aut; (X))@
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for two- stage X in [13] — which gives the underlying vector space — with
Sullivan’s differential graded Lie algebra model for Baut; (X) [17], which gives
the Lie structure. Our most general result is the identification of cycle rep-
resentatives in Sullivan’s model for homotopy elements of 7, (aut; (X)) ® @.
Using this result and confirmed cases of a famous conjecture of Halperin, we
compute the center and nilpotency of m,(Q2Baut, (X)) ® @ for a large class of
pure, formal spaces X.

Throughout this paper, we assume all spaces X are simply connected
complexes of finite type with dim(m.(X) ® @) < +oo. This ensures that the
rationalization of aut;(X) is a nilpotent H-group. A basic problem then
is to compute the rational homotopical nilpotency, Hnilg(auty (X)), which is
defined to be the length of the longest rationally essential commutator in
auty (X). Our results include the following new calculations of this invariant:
1.1 Examples. Given any finite-dimensional graded rational vector space
V, let min(V) = min{n|V" # 0} and max(V) = max{n|V" # 0}. Given
any simply connected graded algebra A* let Q*(A*) = A*/AT - AT denote
the graded vector space of indecomposables of A*.

Let S = (nq,...,n;) be a nondecreasing sequence of positive integers. A
finite (possibly empty) sequence T of the letters n; is admissable if repetitions
of a letter n; occur only when n; is even. Put X(T') = Y, .7 ni; the empty
sum is defined to be zero. Define Si,...,5S,, to be an elementary sequence

if i) each S, is nonempty and admissable, i) S;;; is obtained from S; by



replacing one occurance of a letter n; € S; by an admissable sequence T'
with (7)) < n; and i) S1 = (ng). Define maxlen(S) to be the length
of the longest elementary sequence Si, ..., .S, obtainable from S. Finally,
given a finite- dimensional graded vector space V', write V' = @Q(x1,...xy),
where the z; are homogeneous of nondecreasing degree, and let maxlen(V') =
maxlen(S), where S = (|z1],. .., |zk|).

(1) Let F' = 521 x - .. x §%Mk x §2mtl o5 §2mtl g product of spheres,
with 1 <my <--- <myand 1 < ny <--- < n;. Let ¢ = maxlen(S) where
S=2n1+1,...,2n;+1). Then

1 ife=0
Hnily(auty(F)) =4 ¢ if 2my, <n; + 1.
c+1 if2mp >n; +1

(2) More generally, suppose F' is any space with H*(F,®) a finite tensor
product of polynomial, truncated polynomial and exterior algebras. Let K C
H*(F,®) be a maximal free graded subalgebra and let ¢ = maxlen(Q*(K)).
Then

1 c=20
Hnily(aut,(F)) = ¢ ¢ if max(m.(F) ® @) < max(Q*(K))
c+1 if max(m.(F) ® @) > max(Q*(K)).

(3) Let FF = G/H, where G = U(n) (respectively, G = Sp(n)) and
H =U(ny) x --- x U(ng) (respectively, H = Sp(ny) x --- x Sp(ng)). Let
m =ny + --- + ng. Then Hnilp(aut, (F)) = max{n —m, 1}.

(4) Let F be any pure, elliptic, formal space (see §2, below, for definitions)



with dim(Q®"(H*(F,®))) < 3. Let ¢ =maxlen(Q°¥“(H*(F,®))). Then

1 ifc=0
Hnily(aut,(F)) = ¢ ¢ if max(7.(F) ® Q) < max(Q°“(H*(F,D)))
c+1 if max(m.(F) ® Q) > max(Q°“(H*(F,®))).

2. Two-stage spaces and Halperin’s conjecture.

For the remainder of the paper, we assume all groups are rational. By
a two-stage space X, we mean one whose rationalization X ¢ appears as the
total space in a principal fibration of the form K; — Xg 4, Ky, where K; =
[T, K(V;",n) for some finite-dimensional graded rational vector spaces V;
i =0, 1. The Sullivan minimal model (M, dx) for a two-stage space X is a
two-stage differential graded algebra (dga). That is, Mx = A(Vy) ®a, A(VA),
with dx (V) = 0 and dx (V1) € A(Vp). We may assume dx : Vi — A(Vp) is
an injection. Fixing bases, write Vo = Q(x1,...,2y) and Vi = Q(y1, ..., Yn)
so that dx(z;) = 0 and dx(y;) = R;(x1,...,2,), a polynomial without
linear term in the x;. A two-stage space is pure if V; is oddly graded and
dx (V1) € A(Vg¥"). Homogeneous spaces of a compact Lie group by a closed
subgroup are pure by [2].

If X is formal with finite-dimensional rational homotopy then X is a
two-stage space [4]. In fact, a two-stage space X is formal if and only if the
sequence Ry, Ry, ..., R, forms a regular sequence in the free algebra A(V}).
An important class of examples are the Fy-spaces, by which we mean spaces
X with finite-dimensional cohomology and homotopy (elliptic spaces) such

that H°¥(X) = 0. The class includes quotients G/H of a compact, connected



Lie group by a closed subgroup of maximal rank [2]. Halperin proved Fp-
spaces are formal in [6], where he also made the following conjecture:
Halperin’s conjecture. The rational Serre spectral sequence collapses at
the Ey-term for every @-orientable fibration of the form X — E — B with
X an Fy-space.

Halperin’s conjecture has been confirmed for the homogeneous spaces
mentioned above [12] and in several other special cases [8, 7].

In [9, Theorem A], Meier showed that Halperin’s conjecture is equivalent

to the assertion that meyen(aut; (X)) = 0 for all Fy-spaces. His result implies

Theorem 2.1 (Meier) Let X be an Fy-space satisfying Halperin’s conjecture.
Then Baut,(X) is a rational H-space and Hnily(aut;(X)) = 1.

Proof. Of course, the second assertion is a consequence of the first. For the
first, note that by Meier’s result, m,q4(Baut; (X)) = 0. Now observe that any
space with only even rational homotopy is rationally an H-space. O
3. Rational homotopy of the space of self-equivalences.

We describe the graded vector space m,(Q2Bauty (X)) = 7. (aut; (X)) when
X is a two-stage space. With notation as in §2, define graded spaces Ly(X)
and L1 (X) by setting

L}(X) = P H* (X) @ V™,
k>0

where n > 0 when i = 0 and n > 0 when ¢ = 1. Thus, for example, Ly(X)

is spanned by elements of the form o ® z; where o € H*(X) is homogeneous
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of degree strictly less than |z;|. The degree of a ® z; in Lo(X) is then the
difference |z;| — |a|. Let L(X) = Lo(X) & L1(X).
Define a linear map D : Lo(X) — L1(X) of degree —1 by

(1) D(a® x;) i { }®y],

7=1
where we write {P} to denote the cohomology class in H*(X) represented

by an element P € Mx. Set
Lo(X) =ker{D : Ly(X) — L1(X)} and L1(X) = cok{D : Ly(X) — Li1(X)},

where we force £1(X) to be connected by eliminating the elements of degree

zero. We then have

Theorem 3.1 Let X be any two-stage space. As graded vector space,

Proof. The principal fibration for X ¢ determines a fibration on function
spaces

map(X g, K1;0) 2, auty (X g) 2, map (X g, Ko; q)-
By Thom’s classical result [18], 7. (map(X g, K;; f)) = Li(X), i =0,1, f=
q,0. We thus have a long exact sequence
= LX) 2 LX) 5 m(auts (X)) — LX) 5 LE7H(X) — -
In [13, Chapter 6], we describe 0y for general maps f : X — X. When f is
the identity our result shows 0y coincides with D (cf. [14, Lemma 4.4]). O
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In §4, we determine the Lie structure on the spaces £;(X), 1 = 0,1. We

conclude this section with two simple consequences of Meier’s result:

Theorem 3.2 Let X be an Fy-space. Then X satisfies Halperin’s conjecture
if and only if m.(QBaut, (X)) = L1(X).

Proof. Note that Lo(X) is evenly graded. Thus [9, Theorem A] implies X
satisfies Halperin’s conjecture if and only if £o(X) = 0. O
Let Y be another two-stage space with Sullivan minimal model My =
A(Wy) ®ay A(W7). For i = 0,1, let Li(X x YY) C L;(X xY) denote the
subspace given in degree n by
LHMX xY,)Y)=@ H (X xY) @ WFt.
k>0

We prove

Theorem 3.3 Let X be an Fy-space satisfying Halperin’s conjecture and 'Y

any two-stage space. Then
Lo(X xXY)=ker{D: Ly(X xY,Y) - Li(X xY,Y)}.

Proof. Since X satisfies Halperin’s conjecture, D(a ® x;) # 0 for all o €
H<#1(X) and all z; in our basis for V5. By the rational Kiinneth Theorem
and the definition of D, it follows that D(a®x;) # 0 when o € H<I%|(X xY),
as well. O

4. Cycle representatives in Sullivan’s model for Baut;(X).



We next consider Sullivan’s differential graded Lie algebra (dgla) model
for Bauty(X) as described in [17, §11]. For n > 1, let Der,(Mx) denote
the space of derivations of degree —n of the graded algebra M x. That is,
Der,(Mx) consists of maps 6 : My — Mx that lower degrees by n and
satisfy 0(zy) = 0(z)y + (=1)"*l20(y). For n = 1, we require, additionally,
that 8 commute with the differential dx. The Lie bracket of two derivations
is the graded commutator: [0;,60s] = 6; o 0y — (—1)!%1I%19, o 9. Define a
differential dx by 0x(f) = [dx,0]. The pair (Der,(Myx),dx) is then a dgla
model for the rational homotopy of Baut;(X). (For a proof, use [5, Theorem
2] together with [11].) In particular, H(Der(Mx),dx) = m.(QBaut, (X)),
as graded Lie algebras.

A basis for Dery (Myx) as graded space can be obtained using elementary
derivations. Suppose X is two-stage with notation as in §2. Then, given z; €
{z1,.. ., Tm,y1, ..., yn} and P € Mx homogeneous with degree |P| < |z,
let POz, denote the derivation carrying zp to P and vanishing on the other
basis elements of Vy & Vi. Observe that Oy is given by

OR;

(2) 6X(P8zk) = dx(P)aZk — (—1)|zk|_|P| i P-

If X is formal, there is a dga map p : (Mx,dx) — (H*(X),0) inducing a
homology isomorphism. The map of graded spaces p : Der,(Mx) — L(X)
defined by p(P0z) = p(P) ® zj, is then a surjection. The map p induces an
isomorphism on homology between (Dery(Myx),dx) and (L(X), D) as dg

vector spaces. We look for the actual cycle representatives in Der, (M x) for

8



the subspaces Lo(X) and £;(X).
Define subspaces Do(X), D1 (X) and B(X) of Der,(Mx) by
Do(X) = Span{Poz; | P A(W),|P| < |z, i€ {l,...,m}}
Di(X) =Span{Pdy; | Pe A(W),|P|<|y;l, je{l,....,n}} and
B(X) = Span{Py,0y;|] P € A(W),|P|+ |ye| <ly;l, 7,k {l,....,n}}.
Of course, in degree 1 we must restrict to the kernel of Jx.
Note Dy(X) and D;(X) are sub Lie algebras and B(X)® Dy(X) @ D1 (X)
a sub-dgla of (Dery(Myx),0dx). Since we have restricted to P € A(V}), we
have dx(D1(X)) = 0 and dx(B(X) & Dy(X)) C Dy(X). Also p(B(X)) = 0.
We prove

Theorem 4.1 The diagram 5
X
B(X) & Do(X)

D (X)
p p
Lo(X) ARG

commutes up to sign. The vertical maps are surjections.

Proof. Since X is hyperformal, A(V}) contains all cocycle representatives for

H*(X). Commutativity up to sign follows from (1) and (2) above and the

formality of X : the map p chooses cohomology classes multiplicatively. O
Set

Do(X) = ker{0x : B(X) @& Do(X) — D1(X)} and
D1(X) = cok{0x : B(X) & Do(X) — Di(X)}.
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We may naturally view D;(X) as a subspace of Der, (M x) by taking vector

space complements in each degree. Our main result in this section is

Theorem 4.2 If X is formal two-stage, the subspaces Do(X) and D1(X)
contain all cycle representatives in Dery(Mx) for the subspaces Lo(X) and

L1(X) of m.(QBaut, (X)), respectively.

Proof. We break the proof into four lemmas. We first prove that p :
Dery(Myx) — L(X) induces surjections p : D;(X) — L;(X), i =0, 1.

Lemma 4.3 The map p induces a bijection p : D1(X) — L£1(X).
Proof. This is just a diagram chase. O
Lemma 4.4 The map p restricts to a surjection p : Do(X) — Lo(X).

Proof. Suppose z =Y, o ® x; € Lo(X) so that D(z) = 0. Choose cocycle
representatives P; € A(Vp) for the a; and let 6 = 37, P,0x;. By commuta-

tivity of the diagram,

0=p(ox(0) = (3R G0 ) =3°3 0 (R G2
i=1j=1 Ti i=1 j=1 T
The regularity of {Ry,..., R,} in A(Vp) implies
S P -—2=> QuRr
i=1 dri 13

for each j = 1,...,n and some Q;x € A(Vp). Set ¢ = 370, >0, Qxyrdy; €
B(X). Then 0x(6 —¢) =0 and p(f — ¢) = 2. O
We next show that the nontrivial boundaries in D;(X) are precisely

Ox(B(X) @ Do(X)).
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Lemma 4.5 Let 0 € Dery(Mx). If 0x(0) € Di(X) then 0 = ¢ + £ where
¢ € B(X)® D1(X) and 0x(&) = 0.

Proof. Decompose M x as graded vector space by setting Fy = A(Vp) and, for
each k >0, Fj, = @/_, y;- F—1. Note that dx (Fy) C Fy—1 (where F_; = {0}).

For each k£ > 0, set
Dy = Span{Poz;| P € Fy, |P|<|z;|, i€{l,...,m}}, and

Dl,k = Span{P@yj| P e Fk, |P| < |yj|, jE {1,,71}}

so that Do o = Do(X), D1 = D1(X) and D;; = B(X). Using (2), we obtain
Ox(Dok) € Dog—1® D1y and Ox(Dix) € Dy 1.

Write 8 = ZkEO 907k + ZkZO 917k where 9i7k c D@k. Let ¢ = 9070 + 9171 and
€ =0—¢. Then 0x(0) € D1 implies 0x(§) = 0. O
Finally, we show all boundaries in B(X) & Dy(X) vanish under p.

Lemma 4.6 Let 0 €Der (Myx). If 0x(0) € B(X)® Do(X) then p(0x(0)) =
0.

Proof. Since p(B(X)) = 0, it suffices to assume dx(0) € Dy(X). But in this
case, Ox(0) = >, dx(P;)0x; for some P; € Fy @ Fy. Clearly, p(0x(0)) = 0.
O

Lemmas 4.3-4.6 together imply Theorem 4.2. O
5. Applications.

Our most general result here is
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Theorem 5.1 Let X be any formal two-stage space. Then L1(X) is an
abelian ideal of m.(QQBaut;(X)).

Proof. We need only check that D;(X) is an abelian ideal of B(X)® Dy(X)®
D;(X). Note that, if P,Q € A(V}), then [POy;, Q0yx] = 0. Also,

OP
[POy;, Q0x;] = +£Q - %ayj and [POy;, Quioy| = 0;,PQ0y,

7

where 9, is the Kronecker delta. O
We now focus on the case of a product X x Y of two-stage spaces. Note

that 7. (Q2Baut; (X)) is naturally a subspace of 7.(Q2Baut; (X xY)). We prove

Theorem 5.2 Let X and Y be two-stage formal spaces with X an Fy-space

satisfying Halperin’s conjecture. Then
T(QBaut, (X)) C center(m, (Q(Baut,(X x Y))).

Proof. By Theorem 3.2, m,.(QBaut;(X)) = £1(X). Since £1(X x Y) is
abelian, it suffices to show [L£1(X),Lo(X x Y)] = 0. Write (My,dy) =
(A(Wp) ® A(Wh),dy), again for the Sullivan minimal model of Y. Choose

bases {wy,...,ws} and {vy,..., v} for Wy and Wy, respectively. Let

Dy(XxY,Y) = Span{Pow; |P € A(Vo@W,) |P| < |w;| i € {1,...,s}} and

B(XxY,Y) = Span{Pvdv; |P € A(Vo®Wo), |P|+|vx| < |vi], .k € {1,...,t}}

By Theorems 3.3 and 4.2, the elements of L£o(X x Y') are represented by
derivations in Do(X xY,Y )& B(X xY,Y). Such derivations clearly commute

with those in D;(X). O
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Theorem 5.3 Let X and Y be as in Theorem 5.2. Then
nal(m (QBauty (X X Y))) = nil(m.(QBaut(Y))) + €,
where € =0 or 1. If maz(m.(X)) < min(m.(Y)) then € = 0.
Proof. We prove
nil (7, (QBaut (X x Y))/L1(X x Y)) < nil(7,.(2Baut,(Y))).

The first statement then follows from the fact that £,(X x Y') is an abelian
ideal.

Consider the left A(Vp)-action on M x«y induced by the isomorphism
Mxwy = Mx @ My. It induces a left A(Vp)-action on Dery (Mxxy) after
truncation in positive degrees. Similarly, the left H*(X)-action on H*(X xY)
induces one on L(X xY'). Observe that p : Der(M xxy) — L(X xY') satisfies
p(P - 0) = p(P) - p(f) where p: Mx — H*(X) is the formalization map.

The restriction of the A(Vp)-action to Do(X XY, Y )@ B(X xY,Y) satisfies

(1) Oxxy(P-0) =P xxy(0) and (i) [P-01,Q- 0] = PQ (01,04,

for P,Q € A(Vp),01,02 € Do(X xY,Y)® B(X xY,Y). The restriction of the
H*(X)-action to Lo(X x Y,Y) satisfies

(1i1) D(a-z)=a-D(z)
for a € H*(X) and z € Lo(X x Y, Y).
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Suppose z1, 22 € Lo(X X Y) represent homogeneous elements with non-
trivial bracket. By Theorem 3.3, 21,20 € Lo(X X Y,Y). For i = 1,2, write
2z = Z?Zl ;- 2, where {ai,...,aq} is a fixed additive basis for H*(X) and
zij € Lo(Y). By (idi), 2j; € Lo(Y'). Use Theorem 4.2 to choose representatives
0i; € Do(Y) for 2{;. Then 0; = Z?Zl P;-0;; € Do(X x Y) represents z; where
the P;; € A(Vp) are cocycle representatives for the ay;. By (i), 0;; € Do(Y).
Moreover, by (i),

d

d
07&]) 91702 ZZ P Pk 9/1]70/2k])

Thus there exist 9’1],

0y, € Do(Y) with p([0};,04,]) # 0 in Lo(Y).

For the second statement, note that the degree hypothesis implies

[D1(X), Do(X x V,Y) & B(X xY,Y)] =0.

When H*(Y) is free, we get the complete answer. Namely,

Theorem 5.4 Let X be an Fy-space satisfying Halperin’s conjecture and'Y a
nontrivial product of rational Eilenberg-Maclane spaces. Let m = max(m.(Y'))

and ¢ = maxlen(m.(Y')). Then
center(m,(QLBaut; (X X Y))) = m.(QBaut; (X)) & é H™ ™ (X) @ 7, (Y)

and

c+ 1 if mar(m (X)) > maz(m.(Y))

nil(m.(QBaut; (X X Y))) = { c if maz(m (X)) < maz(m.(Y)).
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Proof. Here Wi =0 and A(W,) = H*(Y'). By Theorem 3.2,

m.(QBaut (X x Y)) = Li(X xY) s P P H (X x V) @ Wit

n>1 k>0

By Theorem 5.2, £1(X) C £3(X x Y) is central. For degree reasons, the
subspace @y, H™*(X) ® W{" is central. Using cycle representatives, it is
straight-forward to check that there are no other central elements.

For the nilpotence result, let Si,...,S. denote a maximal elementary
sequence for m,(Y), as defined in §1. Thus S; = (|w.|) for w. € Wy, of
maximal degree. Each admissable sequence T' gives rise to an element P €
A(Wp) unique up to sign. Namely, P is the product of all w; with |w;| € T
and 1if T"is empty. Let P._; be the polynomial and w._; be the basis element

corresponding to the passage from S; to Sj;i. Then
10w, = q - [10w; [PoOws [+ [Pec1 OWe—1, POw,| - - -]

represents a maximal nontrivial iterated bracket in 7, (QBaut;(Y")) of length
c.
If max(7m.(X)) > max(m.(Y)) choose y; € Vi with |y;| > |w.|. The ele-

ments 10y, and w.0y; in D;(X x Y) clearly cannot bound. Thus
10y; = q - [10wq [P20ws [+ - - [Pee1 Owe—q [P.OWe, wOy;l] - - +]]]

represents an nontrivial iterated bracket of length ¢+ 1. The first case follows
from Theorem 5.3.
Finally, since £1(X xY) is an abelian ideal, any nontrivial iterated bracket

in 7, (QBaut; (X x Y)) can involve at most one element from this subspace

15



and this element must occur at the innermost bracket. The nilpotence when
max(7m(X)) < max(m.(Y)) follows easily. O
5.5 Remarks.

If F'is pure, elliptic and formal then [4] implies F' >~ ¢ X xY where X is an
Fy-space and Y is a product of odd spheres. Theorem 5.4 thus computes the
center and nilpotence of the rational homotopy Lie algebra of the classifying
space for all pure, elliptic, formal spaces, modulo the Halperin conjecture.

By [10, Theorem 3|, Hnilp(aut; (X)) = nil(m.(Q2Baut;(X))). Examples
1.1 (1) and (2) thus follow from Theorem 5.4 and the proof of Halperin’s
conjecture for truncated polynomial algebras [8]. Example 1.1 (3) follows
from the main result of [12] together with the work of Borel in [2], which

implies rational factorizations
U(n)/U(ny)x---xU(ng) ~qU(m)/U(ni)x- - -xU(ng) x SHmFH =1 g2n=1

Sp(n)/Sp(ny)x---xSp(ng) =g Sp(m)/Sp(ny)x---xSp(ny) x SHMHD L. gin=1,

Example 1.1 (4) follows from the main result of [7].

In [15], we use the techniques of this paper to determine the full rational
homotopy type of Baut; (X x Y) under further restrictions on the spaces X
and Y.
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