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Abstract
We compute the center and nilpotency of the graded Lie algebra

� ∗(
Baut 1(X )) ⊗ IQ for a large class of formal spacesX : The lat-
ter calculation determinesthe rational homotopical nilpotency of the
spaceof self-equivalencesaut1(X ) for these X . Our results apply, in
particular, when X is a complex or symplectic 
ag manifold.

1. In tro duction.

Given a CW complex X , let aut1(X ) denote the identit y component of

the spaceof self-equivalencesof X and Baut1(X ) the classifyingspacefor this

topological monoid [3]. Recall that Baut1(X ) classi�es orientable �brations

with �bre X [16, 1].

In this paper, we describe the structure of the rational homotopy Lie al-

gebraof the classifyingspaceBaut1(X ) whenX is a formal spacewith a two-

stageSullivanminimal model. Wecomparethe calculationof � ∗(aut1(X )) 
 IQ
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for two- stageX in [13] | which givesthe underlying vector space| with

Sullivan'sdi�eren tial gradedLie algebramodel for Baut1(X ) [17],which gives

the Lie structure. Our most generalresult is the identi�cation of cycle rep-

resentativ esin Sullivan's model for homotopy elements of � ∗(aut1(X )) 
 IQ:

Using this result and con�rmed casesof a famousconjectureof Halperin, we

computethe center and nilpotency of � ∗(
Baut 1(X )) 
 IQ for a large classof

pure, formal spacesX .

Throughout this paper, we assumeall spacesX are simply connected

complexesof �nite type with dim(� ∗(X ) 
 IQ) < + 1 : This ensuresthat the

rationalization of aut1(X ) is a nilpotent H -group. A basic problem then

is to compute the rational homotopical nilpotency, Hnil 0(aut1(X )); which is

de�ned to be the length of the longest rationally essential commutator in

aut1(X ). Our results include the following newcalculationsof this invariant:

1.1 Examples. Given any �nite-dimensional graded rational vector space

V, let min(V) = minf njV n 6= 0g and max(V) = maxf njV n 6= 0g: Given

any simply connectedgradedalgebra A∗; let Q∗(A∗) = A∗=A+ � A+ denote

the gradedvector spaceof indecomposablesof A∗:

Let S = (n1; : : : ; nk) be a nondecreasingsequenceof positive integers.A

�nite (possiblyempty) sequenceT of the letters ni is admissableif repetitions

of a letter ni occur only when ni is even. Put �( T) =
P

n i ∈T ni ; the empty

sum is de�ned to be zero. De�ne S1; : : : ; Sm to be an elementarysequence

if i ) each Sj is nonempty and admissable,ii ) Sj +1 is obtained from Sj by
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replacing one occuranceof a letter ni 2 Sj by an admissablesequenceT

with �( T) < ni and iii ) S1 = (nk ): De�ne maxlen(S) to be the length

of the longest elementary sequenceS1; : : : ; Sm obtainable from S. Finally,

given a �nite- dimensionalgradedvector spaceV , write V = IQ(x1; : : : xk);

wherethe x i arehomogeneousof nondecreasingdegree,and let maxlen(V) =

maxlen(S); whereS = (jx1j; : : : ; jxk j).

(1) Let F = S2m1 � � � � � S2mk � S2n1+1 � � � � � S2n l +1; a product of spheres,

with 1 � m1 � � � � � mk and 1 � n1 � � � � � nl : Let c = maxlen(S) where

S = (2n1 + 1; : : : ; 2nl + 1). Then

Hnil0(aut1(F )) =

8
><

>:

1 if c = 0
c if 2mk � nl + 1:
c + 1 if 2mk > nl + 1

(2) More generally, supposeF is any spacewith H ∗(F; IQ) a �nite tensor

product of polynomial, truncated polynomial and exterior algebras.Let K �

H ∗(F; IQ) be a maximal free gradedsubalgebraand let c = maxlen(Q∗(K )):

Then

Hnil0(aut1(F )) =

8
><

>:

1 c = 0
c if max(� ∗(F ) 
 IQ) � max(Q∗(K ))
c + 1 if max(� ∗(F ) 
 IQ) > max(Q∗(K )):

(3) Let F = G=H; where G = U(n) (respectively, G = Sp(n)) and

H = U(n1) � � � � � U(nk ) (respectively, H = Sp(n1) � � � � � Sp(nk )). Let

m = n1 + � � � + nk : Then Hnil0(aut1(F )) = maxf n � m; 1g:

(4) Let F beany pure, elliptic, formal space(seex2, below, for de�nitions)
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with dim(Qeven(H ∗(F; IQ))) � 3: Let c =maxlen(Qodd(H ∗(F; IQ))) : Then

Hnil0(aut1(F )) =

8
><

>:

1 if c = 0
c if max(� ∗(F ) 
 Q) � max(Qodd(H ∗(F; IQ)))
c + 1 if max(� ∗(F ) 
 Q) > max(Qodd(H ∗(F; IQ))) :

2. Tw o-stage spaces and Halp erin's conjecture.

For the remainder of the paper, we assumeall groups are rational. By

a two-stagespaceX ; we meanone whoserationalization X QI appearsas the

total spacein a principal �bration of the form K 1 ,! X QI
q

! K 0; whereK i =
Q

n K (V n
i ; n) for some �nite-dimensional graded rational vector spacesVi ;

i = 0; 1: The Sullivan minimal model (M X ; dX ) for a two-stagespaceX is a

two-stagedi�eren tial gradedalgebra(dga). That is, M X = �( V0) 
 dX �( V1);

with dX (V0) = 0 and dX (V1) � �( V0): We may assumedX : V1 ! �( V0) is

an injection. Fixing bases,write V0 = IQ(x1; : : : ; xm ) and V1 = IQ(y1; : : : ; yn)

so that dX (x i ) = 0 and dX (yj ) = Rj (x1; : : : ; xm ); a polynomial without

linear term in the x i . A two-stagespaceis pure if V1 is oddly graded and

dX (V1) � �( V even
0 ): Homogeneousspacesof a compactLie group by a closed

subgroupare pure by [2].

If X is formal with �nite-dimensional rational homotopy then X is a

two-stagespace[4]. In fact, a two-stagespaceX is formal if and only if the

sequenceR1; R2; : : : ; Rn forms a regular sequencein the free algebra �( V0).

An important classof examplesare the F0-spaces, by which we meanspaces

X with �nite-dimensional cohomologyand homotopy (elliptic spaces) such

that H odd(X ) = 0: The classincludesquotients G=H of a compact,connected
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Lie group by a closedsubgroup of maximal rank [2]. Halperin proved F0-

spacesare formal in [6], wherehe alsomadethe following conjecture:

Halp erin's conjecture. The rational Serre spectral sequence collapsesat

the E2-term for every IQ-orientable �br ation of the form X ,! E ! B with

X an F0-space.

Halperin's conjecture has been con�rmed for the homogeneousspaces

mentioned above [12] and in several other special cases[8, 7].

In [9, TheoremA], Meier showed that Halperin's conjectureis equivalent

to the assertionthat � even(aut1(X )) = 0 for all F0-spaces.His result implies

Theorem 2.1 (Meier) Let X be an F0-space satisfyingHalperin's conjecture.

Then Baut1(X ) is a rational H -space and Hnil0(aut1(X )) = 1:

Proof. Of course,the secondassertionis a consequenceof the �rst. For the

�rst, note that by Meier's result, � odd(Baut1(X )) = 0: Now observe that any

spacewith only even rational homotopy is rationally an H -space.2

3. Rational homotop y of the space of self-equiv alences.

Wedescribe the gradedvector space� ∗(
Baut 1(X )) = � ∗(aut1(X )) when

X is a two-stagespace.With notation as in x2, de�ne gradedspacesL 0(X )

and L1(X ) by setting

Ln
i (X ) =

M

k≥0

H k (X ) 
 V n+k
i ;

where n > 0 when i = 0 and n � 0 when i = 1: Thus, for example,L 0(X )

is spannedby elements of the form � 
 x i where� 2 H ∗(X ) is homogeneous
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of degreestrictly lessthan jx i j: The degreeof � 
 x i in L0(X ) is then the

di�erence jx i j � j� j: Let L(X ) = L 0(X ) � L1(X ):

De�ne a linear map D : L 0(X ) ! L1(X ) of degree� 1 by

D(� 
 x i ) =
nX

j =1

� �

(
@Rj

@x i

)


 yj ;(1)

where we write f Pg to denote the cohomologyclassin H ∗(X ) represented

by an element P 2 M X : Set

L 0(X ) = kerf D : L 0(X ) ! L1(X )g and L 1(X ) = cokf D : L 0(X ) ! L1(X )g;

wherewe forceL 1(X ) to be connectedby eliminating the elements of degree

zero. We then have

Theorem 3.1 Let X be any two-stagespace. As graded vector space,

� ∗(
 Baut1(X )) = L 0(X ) � L 1(X ):

Proof. The principal �bration for X QI determinesa �bration on function

spaces

map(X QI ; K 1; 0) Φ� ! aut1(X QI )
q

� ! map(X QI ; K 0; q):

By Thom's classicalresult [18], � ∗(map(X QI ; K i ; f )) �= L i (X ); i = 0; 1; f =

q; 0: We thus have a long exact sequence

� � � ! Ln+1
0 (X ) @0� ! Ln

1 (X ) Φ∗� ! � n(aut1(X )) ! Ln
0 (X ) @0� ! Ln−1

1 (X ) ! � � � :

In [13, Chapter 6], we describe @0 for generalmaps f : X ! X : When f is

the identit y our result shows @0 coincideswith D (cf. [14, Lemma 4.4]). 2
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In x4, we determine the Lie structure on the spacesL i (X ); i = 0; 1: We

concludethis sectionwith two simple consequencesof Meier's result:

Theorem 3.2 Let X be an F0-space. Then X satis�es Halperin's conjecture

if and only if � ∗(
 Baut1(X )) = L 1(X ).

Proof. Note that L 0(X ) is evenly graded. Thus [9, Theorem A] implies X

satis�es Halperin's conjectureif and only if L 0(X ) = 0: 2

Let Y be another two-stagespacewith Sullivan minimal model M Y =

�( W0) 
 dY �( W1): For i = 0; 1; let L i (X � Y; Y) � L i (X � Y) denote the

subspacegiven in degreen by

Ln
i (X � Y; Y) =

M

k≥0

H k(X � Y) 
 W k+n
i :

We prove

Theorem 3.3 Let X be an F0-space satisfying Halperin's conjecture and Y

any two-stagespace. Then

L 0(X � Y) = ker f D : L 0(X � Y; Y) ! L 1(X � Y; Y)g:

Proof. Since X satis�es Halperin's conjecture, D(� 
 x i ) 6= 0 for all � 2

H < |x i |(X ) and all x i in our basisfor V0. By the rational K•unneth Theorem

and the de�nition of D; it followsthat D(� 
 x i ) 6= 0 when� 2 H < |x i |(X � Y);

as well. 2

4. Cycle represen tativ es in Sulliv an's mo del for Baut 1(X ).
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We next considerSullivan's di�eren tial gradedLie algebra (dgla) model

for Baut1(X ) as described in [17, x11]. For n > 1, let Dern (M X ) denote

the spaceof derivations of degree� n of the graded algebra M X . That is,

Dern(M X ) consistsof maps � : M X ! M X that lower degreesby n and

satisfy � (xy) = � (x)y + (� 1)n|x |x� (y). For n = 1; we require, additionally,

that � commute with the di�eren tial dX : The Lie bracket of two derivations

is the graded commutator: [� 1; � 2] = � 1 � � 2 � (� 1)|� 1 ||� 2 |� 2 � � 1: De�ne a

di�eren tial @X by @X (� ) = [dX ; � ]. The pair (Der+(M X ); @X ) is then a dgla

model for the rational homotopy of Baut1(X ). (For a proof, use[5, Theorem

2] together with [11].) In particular, H (Der+(M X ); @X ) �= � ∗(
Baut 1(X ));

as gradedLie algebras.

A basisfor Der+(M X ) asgradedspacecanbe obtainedusingelementary

derivations. SupposeX is two-stagewith notation asin x2. Then, givenzk 2

f x1; : : : ; xm ; y1; : : : ; yng and P 2 M X homogeneouswith degreejPj < jzk j;

let P@zk denotethe derivation carrying zk to P and vanishing on the other

basiselements of V0 � V1. Observe that @X is given by

@X (P@zk) = dX (P)@zk � (� 1)|zk |−|P |
nX

j =1

P �
@Rj

@zk
@yk :(2)

If X is formal, there is a dga map � : (M X ; dX ) ! (H ∗(X ); 0) inducing a

homology isomorphism. The map of gradedspacesp : Der+(M X ) ! L(X )

de�ned by p(P@zk) = � (P) 
 zk is then a surjection. The map p inducesan

isomorphism on homology between (Der+(M X ); @X ) and (L(X ); D) as dg

vector spaces.We look for the actual cyclerepresentativ esin Der+(M X ) for
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the subspacesL 0(X ) and L 1(X ).

De�ne subspacesD0(X ); D1(X ) and B(X ) of Der+(M X ) by

D0(X ) = Spanf P@x i j P 2 �( V0); jPj < jx i j; i 2 f 1; : : : ; mgg

D1(X ) = Spanf P@yj j P 2 �( V0); jPj < jyj j; j 2 f 1; : : : ; ngg and

B(X ) = Spanf Pyk@yj j P 2 �( V0); jPj + jyk j < jyj j; j; k 2 f 1; : : : ; ngg:

Of course,in degree1 we must restrict to the kernel of @X .

Note D0(X ) and D1(X ) aresubLie algebrasand B(X ) � D0(X ) � D1(X )

a sub-dglaof (Der+(M X ); @X ). Sincewe have restricted to P 2 �( V0); we

have @X (D1(X )) = 0 and @X (B (X ) � D0(X )) � D1(X ): Also p(B (X )) = 0:

We prove

Theorem 4.1 The diagram

B(X ) � D0(X ) D1(X )

L0(X ) L1(X )

-@X

?
p

?
p

-D

commutesup to sign. The vertical mapsare surjections.

Proof. SinceX is hyperformal, �( V0) contains all cocycle representativ esfor

H ∗(X ): Commutativit y up to sign follows from (1) and (2) above and the

formality of X : the map � choosescohomologyclassesmultiplicativ ely. 2

Set

D0(X ) = kerf @X : B (X ) � D0(X ) ! D1(X )g and

D1(X ) = cokf @X : B (X ) � D0(X ) ! D1(X )g:
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We may naturally view D1(X ) asa subspaceof Der+(M X ) by taking vector

spacecomplements in each degree.Our main result in this sectionis

Theorem 4.2 If X is formal two-stage,the subspaces D0(X ) and D1(X )

contain all cycle representativesin Der+(M X ) for the subspaces L 0(X ) and

L 1(X ) of � ∗(
 Baut1(X )); respectively.

Proof. We break the proof into four lemmas. We �rst prove that p :

Der+(M X ) ! L(X ) inducessurjectionsp : D i (X ) ! L i (X ); i = 0; 1:

Lemma 4.3 The map p induces a bijection p : D1(X ) ! L 1(X ):

Proof. This is just a diagram chase.2

Lemma 4.4 The map p restricts to a surjection p : D0(X ) ! L 0(X ):

Proof. Supposez =
P m

i=1 � i 
 x i 2 L 0(X ) so that D(z) = 0: Choosecocycle

representativ esPi 2 �( V0) for the � i and let � =
P m

i=1 Pi @x i : By commuta-

tivit y of the diagram,

0 = p(@X (� )) = p

0

@
mX

i=1

nX

j =1

Pi �
@Rj

@x i
@yj

1

A =
mX

i=1

nX

j =1

�

 

Pi �
@Rj

@x i

!


 yj :

The regularity of f R1; : : : ; Rng in �( V0) implies

mX

i=1

Pi �
@Rj

@x i
=

nX

k=1

Qj kRk

for each j = 1; : : : ; n and someQj k 2 �( V0): Set � =
P n

j =1

P n
k=1 Qj kyk@yj 2

B(X ): Then @X (� � � ) = 0 and p(� � � ) = z: 2

We next show that the nontrivial boundaries in D1(X ) are precisely

@X (B (X ) � D0(X )):
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Lemma 4.5 Let � 2 Der+(M X ): If @X (� ) 2 D1(X ) then � = � + � where

� 2 B (X ) � D1(X ) and @X (� ) = 0:

Proof. DecomposeM X asgradedvectorspaceby setting F0 = �( V0) and, for

each k > 0; Fk =
L n

j =1 yj �Fk−1: Note that dX (Fk) � Fk−1 (whereF−1 = f 0g):

For each k � 0; set

D0;k = Spanf P@x i j P 2 Fk ; jPj < jx i j; i 2 f 1; : : : ; mgg; and

D1;k = Spanf P@yj j P 2 Fk ; jPj < jyj j; j 2 f 1; : : : ; ngg

sothat D0;0 = D0(X ); D1;0 = D1(X ) and D1;1 = B(X ). Using (2), weobtain

@X (D0;k ) � D0;k−1 � D1;k and @X (D1;k ) � D1;k−1:

Write � =
P

k≥0 � 0;k +
P

k≥0 � 1;k where � i;k 2 D i;k : Let � = � 0;0 + � 1;1 and

� = � � �: Then @X (� ) 2 D1;0 implies @X (� ) = 0: 2

Finally, we show all boundariesin B (X ) � D0(X ) vanish under p.

Lemma 4.6 Let � 2Der+(M X ): If @X (� ) 2 B (X ) � D0(X ) then p(@X (� )) =

0:

Proof. Sincep(B (X )) = 0; it su�ces to assume@X (� ) 2 D0(X ): But in this

case,@X (� ) =
P m

i=1 dX (Pi )@x i for somePi 2 F0 � F1: Clearly, p(@X (� )) = 0:

2

Lemmas4.3-4.6together imply Theorem4.2. 2

5. Applications.

Our most generalresult hereis
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Theorem 5.1 Let X be any formal two-stagespace. Then L 1(X ) is an

abelian ideal of � ∗(
 Baut1(X )).

Proof. Weneedonly check that D1(X ) is an abelian ideal of B (X ) � D0(X ) �

D1(X ): Note that, if P; Q 2 �( V0); then [P@yj ; Q@yk] = 0: Also,

[P@yj ; Q@x i ] = � Q �
@P
@x i

@yj and [P@yj ; Qyk@yl ] = � j kPQ@yl ;

where� j k is the Kronecker delta. 2

We now focus on the caseof a product X � Y of two-stagespaces.Note

that � ∗(
Baut 1(X )) is naturally a subspaceof � ∗(
Baut 1(X � Y)): We prove

Theorem 5.2 Let X and Y be two-stageformal spaceswith X an F0-space

satisfying Halperin's conjecture. Then

� ∗(
 Baut1(X )) � center(� ∗(
( Baut1(X � Y ))) :

Proof. By Theorem 3.2, � ∗(
Baut 1(X )) = L 1(X ): Since L 1(X � Y) is

abelian, it su�ces to show [L 1(X ); L 0(X � Y )] = 0: Write (M Y ; dY ) =

(�( W0) 
 �( W1); dY ); again for the Sullivan minimal model of Y. Choose

basesf w1; : : : ; wsg and f v1; : : : ; vtg for W0 and W1; respectively. Let

D0(X � Y; Y) = Spanf P@wi jP 2 �( V0� W0) jPj < jwi j i 2 f 1; : : : ; sgg and

B(X � Y; Y) = Spanf Pvk@vj jP 2 �( V0� W0); jPj+ jvk j < jvj j; j; k 2 f 1; : : : ; tgg

By Theorems3.3 and 4.2, the elements of L 0(X � Y ) are represented by

derivations in D0(X � Y; Y ) � B (X � Y; Y): Such derivations clearly commute

with those in D1(X ): 2
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Theorem 5.3 Let X and Y be as in Theorem 5.2. Then

nil(� ∗(
 Baut1(X � Y ))) = nil (� ∗(
 Baut(Y))) + �;

where � = 0 or 1: If max(� ∗(X )) � min(� ∗(Y)) then � = 0.

Proof. We prove

nil (� ∗(
Baut 1(X � Y))=L 1(X � Y)) � nil(� ∗(
Baut 1(Y))) :

The �rst statement then follows from the fact that L 1(X � Y) is an abelian

ideal.

Consider the left �( V0)-action on M X ×Y induced by the isomorphism

M X ×Y
�= M X 
 M Y : It inducesa left �( V0)-action on Der+(MX ×Y ) after

truncation in positivedegrees.Similarly, the left H ∗(X )-action on H ∗(X � Y)

inducesoneon L(X � Y): Observethat p : Der(M X ×Y ) ! L(X � Y) satis�es

p(P � � ) = � (P) � p(� ) where� : M X ! H ∗(X ) is the formalization map.

The restriction of the �( V0)-action to D0(X � Y; Y) � B (X � Y; Y) satis�es

(i ) @X ×Y (P � � ) = P � @X ×Y (� ) and (ii ) [P � � 1; Q � � 2] = PQ � [� 1; � 2];

for P; Q 2 �( V0); � 1; � 2 2 D0(X � Y; Y) � B (X � Y; Y): The restriction of the

H ∗(X )-action to L 0(X � Y; Y) satis�es

(iii ) D(� � z) = � � D(z)

for � 2 H ∗(X ) and z 2 L 0(X � Y; Y):
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Supposez1; z2 2 L 0(X � Y) represent homogeneouselements with non-

trivial bracket. By Theorem 3.3, z1; z2 2 L0(X � Y; Y): For i = 1; 2, write

zi =
P d

j =1 � j � z′ij ; wheref � 1; : : : ; � dg is a �xed additive basisfor H ∗(X ) and

zij 2 L0(Y). By (iii ), z′ij 2 L 0(Y): UseTheorem4.2to chooserepresentativ es

� ′ij 2 D0(Y) for z′ij : Then � i =
P d

j =1 Pj � � ′ij 2 D0(X � Y) represents zi where

the Pij 2 �( V0) are cocycle representativ esfor the � ij : By (i ), � ′ij 2 D0(Y):

Moreover, by (ii ),

0 6= p([� 1; � 2]) =
dX

j =1

dX

k=1

� (Pj � Pk )p([� ′1j ; � ′2k ]):

Thus there exist � ′1j ; � ′2k 2 D0(Y) with p([� ′1j ; � ′2k]) 6= 0 in L 0(Y):

For the secondstatement, note that the degreehypothesisimplies

[D1(X ); D0(X � Y; Y) � B (X � Y; Y)] = 0:

2

When H ∗(Y) is free, we get the completeanswer. Namely,

Theorem 5.4 Let X be an F0-space satisfyingHalperin's conjecture and Y a

nontrivial productof rational Eilenberg-Maclanespaces. Let m = max(� ∗(Y))

and c = maxlen(� ∗(Y)): Then

center(� ∗(
 Baut1(X � Y))) = � ∗(
 Baut1(X )) �
mM

k=1

H m−k (X ) 
 � m (Y)

and

nil (� ∗(
 Baut1(X � Y))) =

(
c + 1 if max(� ∗(X )) > max(� ∗(Y))
c if max(� ∗(X )) � max(� ∗(Y)):
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Proof. Here W1 = 0 and �( W0) �= H ∗(Y): By Theorem3.2,

� ∗(
Baut 1(X � Y)) = L 1(X � Y) �
M

n≥1

M

k≥0

H k(X � Y) 
 W n+k
0 :

By Theorem 5.2, L 1(X ) � L 1(X � Y) is central. For degreereasons,the

subspace
L m

k=1 H m−k (X ) 
 W m
0 is central. Using cycle representativ es,it is

straight-forward to check that there are no other central elements.

For the nilpotence result, let S1; : : : ; Sc denote a maximal elementary

sequencefor � ∗(Y); as de�ned in x1. Thus S1 = (jwcj) for wc 2 W0; of

maximal degree.Each admissablesequenceT givesrise to an element P 2

�( W0) unique up to sign. Namely, P is the product of all wi with jwi j 2 T

and 1 if T is empty. Let Pc−j be the polynomial and wc−j be the basiselement

corresponding to the passagefrom Sj to Sj +1. Then

1@wc = q � [1@w1 [P2@w2 [� � � [Pc−1@wc−1; Pc@wc] � � �]]]

represents a maximal nontrivial iterated bracket in � ∗(
Baut 1(Y)) of length

c.

If max(� ∗(X )) > max(� ∗(Y)) chooseyj 2 V1 with jyj j > jwcj: The ele-

ments 1@yj and wc@yj in D1(X � Y) clearly cannot bound. Thus

1@yj = q � [1@w1 [P2@w2 [� � � [Pc−1@wc−1 [Pc@wc; wc@yj ]] � � �]]]

represents an nontrivial iterated bracket of length c+ 1: The �rst casefollows

from Theorem5.3.

Finally, sinceL 1(X � Y) is anabelian ideal, any nontrivial iterated bracket

in � ∗(
Baut 1(X � Y)) can involve at most one element from this subspace

15



and this element must occur at the innermost bracket. The nilpotencewhen

max(� ∗(X )) � max(� ∗(Y)) follows easily. 2

5.5 Remarks.

If F is pure, elliptic and formal then [4] impliesF ' QI X � Y whereX is an

F0-spaceand Y is a product of odd spheres.Theorem5.4 thus computesthe

center and nilpotenceof the rational homotopy Lie algebraof the classifying

spacefor all pure, elliptic, formal spaces,modulo the Halperin conjecture.

By [10, Theorem 3], Hnil 0(aut1(X )) = nil( � ∗(
Baut 1(X ))) : Examples

1.1 (1) and (2) thus follow from Theorem 5.4 and the proof of Halperin's

conjecture for truncated polynomial algebras[8]. Example 1.1 (3) follows

from the main result of [12] together with the work of Borel in [2], which

implies rational factorizations

U(n)=U(n1)�� � �� U(nk) ' QI U(m)=U(n1)�� � �� U(nk)� S2(m+1)−1�� � �� S2n−1

Sp(n)=Sp(n1)�� � �� Sp(nk) ' QI Sp(m)=Sp(n1)�� � �� Sp(nk )� S4(m+1)−1�� � �� S4n−1:

Example 1.1 (4) follows from the main result of [7].

In [15], we usethe techniquesof this paper to determinethe full rational

homotopy type of Baut1(X � Y) under further restrictions on the spacesX

and Y.
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