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Abstract
We compute the certer and nilpotency of the graded Lie algebra

«(Baut (X)) ® Q for a large class of formal spacesX: The lat-
ter calculation determinesthe rational homotopical nilp otency of the
spaceof self-equivalencesaut;(X ) for these X . Our results apply, in
particular, when X is a complex or symplectic ag manifold.

1. Intro duction.

Given a CW complex X, let aut;(X) denotethe identity componert of
the spaceof self-equivalencesof X and Baut;(X) the classifyingspacefor this
topological monoid [3]. Recallthat Baut;(X) classi esorientable brations
with bre X [16, 1].

In this paper, we descrike the structure of the rational homotopy Lie al-

gebraof the classifyingspaceBaut;(X ) when X is a formal spacewith a two-

stageSullivan minimal model. Wecomparethe calculationof .(aut;(X)) Q
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for two- stageX in [13] | which givesthe underlying vector space| with

Sullivan'sdi erential gradedLie algebramodel for Baut;(X) [17], which gives
the Lie structure. Our most generalresult is the identi cation of cycle rep-
resertativ esin Sullivan's model for homotopy elemerts of .(aut;(X)) Q:

Using this result and con rmed casesf a famousconjectureof Halperin, we
computethe certer and nilpotencyof ,(Baut (X)) Q for alarge classof
pure, formal spacesX .

Throughout this paper, we assumeall spacesX are simply connected
complexesof nite type with dim( .(X) Q)< +1 : This ensuresthat the
rationalization of aut;(X) is a nilpotent H-group. A basic problem then
is to compute the rational homotopi@l nilpotency, Hnil o(aut; (X )); which is
de ned to be the length of the longest rationally essetial commutator in
aut;(X). Our resultsinclude the following new calculationsof this invariant:
1.1 Examples. Givenany nite-dimensional gradedrational vector space
V, let min(V) = minfnjV" 6 0g and max(V) = maxfnjv" 6 0g: Given
any simply connectedgraded algebraA*; let Q*(A*) = A*=A* AT denote

the gradedvector spaceof indecomposablesof A*:

nite (possiblyempty) sequencd of the letters n; is admissabléf repetitions

. P
of a letter n; occur only whenn; iseven. Put ( T) =, .7 n;; the empty

if i) ead §; is nonempty and admissable,ii) S;; is obtained from §; by



replacing one occuranceof a letter n; 2 §; by an admissablesequenceT

with (T) < n; andiii) S; = (nk): De ne maxlen(S) to be the length

given a nite- dimensionalgraded vector spaceV, write V. = Q(X1;:::Xk);

wherethe x; are homogeneousf nondecreasinglegree and let maxlen(V) =

(1) Let F = §2m S2Mk g2mtl S2Mm+1- a product of spheres,

with 1 my mgandl ny n;: Let c = maxlen(S) where

8
21 ifc=0

Hnily(aut,(F)) = . C if 2my  n+ 1L
c+l if2my>n+ 1

(2) More generally supposeF is any spacewith H*(F;Q) a nite tensor
product of polynomial, truncated polynomial and exterior algebras.Let K
H*(F; Q) be a maximal free gradedsubalgebraand let c = maxlen(Q*(K)):
Then

§ 1 c=0
Hnily(aut,(F)) = . C if max( .(F) Q) max(Q*(K))
-~ c+ 1 ifmax( (F) Q)> max(Q*(K)):

(3) Let F = G=H; where G = U(n) (respectively, G = Sp(n)) and
H = U(ny) U(nk) (respectively, H = Sp(n,) Sp(ng)). Let
m=n; + + ng: Then Hnily(auty(F)) = maxfn m; 1g:

(4) Let F beany pure, elliptic, formal space(seex2, below, for de nitions)



with dim(Q®*e"(H*(F;Q)))  3: Let c =maxlen(Q®¥(H *(F;Q))): Then

g 1 ifc=0
Hnilg(aut,(F)) = | ¢ if max( .(F) Q) max(Q*“(H*(F;Q))
c+ 1 if max( .(F) Q)> max(Q°“(H*(F;Q))):

2. Two-stage spaces and Halp erin's conjecture.

For the remainder of the paper, we assumeall groups are rational. By
a two-stagespaceX ; we meanone whoserationalization X o appearsasthe
total spacein a principal bration of the formK; | Xg 19 Ko: whereK; =
Qn K (V{";n) for some nite-dimensional graded rational vector spacesV;;
i = 0;1: The Sullivan minimal model (M x ; dx ) for a two-stagespaceX is a

two-stagedi erential gradedalgebra(dgg. That is, M x = ( Vo) a4 ( V1);
with dy (V) = 0 and dx (V1) ( Vo): Wemay assumedy : Vi ! (V) is

linear term in the x;. A two-stagespaceis pure if V; is oddly gradedand
dx (Vi)  ( Vy¥*"): Homogeneouspacesof a compactLie group by a closed
subgroupare pure by [2].

If X is formal with nite-dimensional rational homotopy then X is a

two-stagespace[4]. In fact, a two-stagespaceX is formal if and only if the

An important classof examplesare the F(-spaces by which we meanspaces
X with nite-dimensional cohomologyand homotopy (elliptic spaceg sud

that H°%(X) = 0: The classincludesquotients G=H of a compact,connected



Lie group by a closedsubgroup of maximal rank [2]. Halperin proved F-
spacesare formal in [6], where he also madethe following conjecture:
Halp erin's conjecture. The rational Serre spectral sequene collapsesat
the E,-term for everyQ-orientable br ation of theform X | E ! B with
X an Fy-space.

Halperin's conjecture has been con rmed for the homogeneousspaces
mentioned above [12] and in seeral other special cased8, 7].

In [9, TheoremA], Meier shoved that Halperin's conjectureis equivalent

to the assertionthat ven(aut;(X)) = 0 for all Fy-spaces.His result implies

Theorem 2.1 (Meier) Let X be an F(-space satisfyingHalperin's conjecture.

Then Baut;(X) is a rational H-space and Hnily(aut,(X)) = 1.

Proof. Of course,the secondassertionis a consequencef the rst. For the
rst, note that by Meier'sresult, o4q(Baut,;(X)) = 0: Now obsenethat any
spacewith only even rational homotopy is rationally an H-space.2
3. Rational homotop y of the space of self-equiv alences.

We descrike the gradedvectorspace .(Baut (X)) = .(auty(X)) when
X is a two-stagespace.With notation asin x2, de ne gradedspaced. ,(X)
and L(X) by setting

PO = HAX)
k>0

wheren > Owheni = Oandn Owheni = 1. Thus, for example,L(X)

is spannedby elemerts of the form Xij where 2 H*(X) is homogeneous



of degreestrictly lessthan jx;j: The degreeof Xj in Lo(X) is then the
dierence jxij | j:LetL(X)=Lo(X) Li(X):
Dene alinearmapD : Lo(X)! Ly(X) of degree 1 by

&
j=1 @i

where we write f Pg to denote the cohomologyclassin H*(X) represeted

(1) D( x)= Yi;

by anelemert P 2 M x: Set
Lo(X)=KkerfD :Lo(X)! Liy(X)g and Li(X)=cokiD :Lo(X)! Li(X)g;

wherewe force L (X ) to be connectedby eliminating the elemerts of degree

zero. We then have

Theorem 3.1 Let X be any two-stagespace. As gradel vector space,
«( Baut;(X)) = Lo(X) Li(X):

Proof. The principal bration for X o determinesa bration on function
spaces

map(X o;K1;0) ¥ auti(Xg) ! map(X ¢ Ko;0):
By Thom's classicalresult [18], .(map(X ¢;Ki;f)) = Li(X);i=0;1, f =
g; 0: We thus have a long exact sequence
LX) @ LX) T on(aut(X) !t LI(X) P L0 i(x) !
In [13, Chapter 6], we descrite @ for generalmapsf : X ! X: Whenf is
the identit y our result shovs @ coincideswith D (cf. [14, Lemma4.4]). 2
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In x4, we determinethe Lie structure on the spacesL;(X); i = 0; 1. We

concludethis sectionwith two simple consequencesf Meier's result:

Theorem 3.2 Let X bean Fy-space. Then X satis es Halperin's conjecture

if andonlyif .( Baut; (X)) = Li(X).

Proof. Note that Ly(X) is evenly graded. Thus [9, Theorem A] implies X
satis es Halperin's conjectureif and only if Lo(X) = 0: 2
Let Y be another two-stagespacewith Sullivan minimal model M v =
(Wo) o (Wy):Fori= 01 letLi(X Y;Y) Li(X Y)denotethe
subspaceagivenin degreen by
M
LM(X  Y;Y)= HKX YY) wk:
k>0

We prove

Theorem 3.3 Let X be an Fy-space satisfying Halperin's conjecture and Y

any two-stagespace. Then
Lo(X Y)=KkerfD:Lo(X Y;Y)! Li(X Y;Y)g:

Proof. Since X satis es Halperin's conjecture, D ( Xxj) 6 Oforall 2
H<IXil(X) and all x; in our basisfor V,. By the rational Kenneth Theorem
andthe de nition of D; it followsthat D( x;) 6 Owhen 2 H<Xl(X Y);
aswell. 2

4. Cycle representativ esin Sulliv an's model for Baut {(X).



We next considerSullivan's di erential gradedLie algebra(dgla model
for Baut,(X) as descrited in [17, xX11]. For n > 1, let Der,(M x) denote
the spaceof derivations of degree n of the gradedalgebraM x. That is,
Der,(M x) consistsof maps : M x ! M x that lower degreesby n and
satisfy (xy) = (x)y+ ( 1)"Xx (y). For n = 1; we require, additionally,
that commute with the di erential dx: The Lie bracket of two derivations
is the graded commutator: [ 1; o] = 1 o ( D2l ,  1: Dene a
dierential @ by @Q( ) = [dx; ]. The pair (Der (M x); @) is then a dgla
model for the rational homotopy of Baut;(X). (For a proof, use[5, Theorem
2] together with [11].) In particular, H(Der. (M x); @) = .(Baut {(X));
asgradedLie algebras.

A basisfor Der, (M x ) asgradedspacecan be obtained using elementary

derivations. SupposeX is two-stagewith notation asin x2. Then, givenz, 2

let P @« denotethe derivation carrying zx to P and vanishing on the other
basiselemens of \;, V;. Obsenethat @ is givenhby
(2) @(P@) = &k (P)@ ( 1)'Zk'—'P':P %@k:

If X isformal, thereisadgamap :(M x;dx)! (H*(X);0)inducing a
homologyisomorphism. The map of gradedspacesp: Der (M x) ! L(X)
dened by p(P@x) = (P) 2z isthen a surjection. The map p inducesan
isomorphismon homology between (Der,. (M x); Q) and (L(X);D) asdg

vector spaces.We look for the actual cyclerepresemativ esin Der, (M x ) for
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the subspaced (X ) and L{(X).
De ne subspacedP((X);D(X) and B(X) of Der (M x) by
Do(X) = SparfP@ j P2 (V);jPj<jxij; 12fL:1:;mgg

Dl(x) — CnarFDmARY. 1 D 2 (\/\Y"1IDi e irn2z1° 1.9 £1++++-

|
w
e
QD
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iy
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Of course,in degreel we must restrict to the kernel of @ .

Note Dy(X) and D,(X) aresubLie algebrasandB(X) Dy(X) D(X)
a sub-dglaof (Der. (M x); @). Sincewe have restrictedto P 2 ( Vp); we
have @ (D1(X)) = 0and @ (B(X) Do(X)) Di(X): Alsop(B(X)) = O

We prove

Theorem 4.1 The diagram

BX) Do(X)-Z—— Dy(X)
p p
Lo(X) D LX)

commutesup to sign. The vertical mapsare surjections.

Proof. SinceX is hyperformal, ( V) contains all cocycle represemativ esfor
H*(X): Commutativit y up to sign follows from (1) and (2) above and the
formality of X : the map choosescohomologyclasseanultiplicativ ely. 2
Set
Do(X) = kerf@ :B(X) DyX)! Dy(X)g and

Di(X)=cok@ :B(X) DoX)! Di(X)g:



We may naturally view D;(X) asa subspaceof Der, (M x) by taking vector

spacecomplemerts in ead degree.Our main result in this sectionis

Theorem 4.2 If X is formal two-stage,the subspces Dy(X) and D (X)
contain all cycle representativesn Der (M x) for the subspcesL (X ) and

L,(X) of .( Baut;(X)); respctively.

Proof. We break the proof into four lemmas. We rst prove that p :

Der, (M x)! L(X) inducessurjectionsp: D;j(X)! Li(X);i=0;L
Lemma 4.3 The map p inducesa bijection p: D;(X) ! L(X):
Proof. This is just a diagram chase.2

Lemma 4.4 The map p restrictsto a surjection p: Do(X) ! Lo(X):

Proof. Supposez = P i, i X 2 Lo(X) sothat D(z) = 0: Choosecocycle
: P
represemativesP; 2 () forthe j andlet = [, P @: By commuta-

tivit y of the diagram,
0

1 I
0=p@()=p@ P - @A= Pa W
i=1j=1 i i=1j=1 i
The regularity of fRy;:::;Rygin (V) implies
xn @ X
P == QR
i=1 | @, k=1 J

. P, P
foreahj = 1;:::;n andsomeQjx 2 ( Vo): Set = [ ¢ Qikyk@; 2
B(X): Then @ ( ) = 0and p( )=12z2
We next showv that the nontrivial boundariesin D(X) are precisely

@ (B(X) Do(X)):
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Lemma 45 Let 2 Der,(Mx):If @Q() 2 Dy(X) then = + whee
2B(X) Di(X)and@ () = 0

Proof. DecompseM x asgradedvectorspaceby settingFo = ( V) and, for
eahk > 0, Fy = " "y, Fi;:Notethat dx (F)  Fi_; (whereF ; = f0g):

Foreah k O; set

Dok = SpafP@;j P 2 Fy; jPj<jxj; 12f1;:::;mgg, and

sothat Dy, = Do(X); D10 = Dy(X) and Dy, = B(X). Using(2), we obtain
@(Dok) Dok-1 Dix and @(Dix) Dix-i:

. P P
erte = kZO O;k + kZO 1;k Whel’e i;k 2 D|,k Let = 0;0 + 1;1 and
= : Then@Q( )2 Dy implies@( )=0:2

Finally, we shav all boundariesin B(X) Dy(X) vanishunder p.

Lemma 4.6 Let 2Der, (M x):If @Q( )2 B(X) DoX)thenp(@()) =
0:

Proof. Sincep(B (X)) = 0; it suces to assume@ ( ) 2 Dy(X): But in this
case,@Q( ) = P M dx (P)@; for someP; 2 Fy F;: Clearly, p(@( )) = O
2

Lemmas4.3-4.6togetherimply Theorem4.2. 2
5. Applications.

Our most generalresult hereis

11



Theorem 5.1 Let X be any formal two-stagespace. Then L,(X) is an

alkelian ideal of ,( Baut;(X)).

Proof. We needonly ched that D(X) isan abelianidealof B(X) Dg(X)

D1(X): Note that, if P;Q 2 ( Vo); then [P@;; Q@«] = 0: Also,
P@;;Q@&]= Q g@j and [P@;;Qyk@] = j«kPQ@;

where ;i is the Kronedker delta. 2
We now focus on the caseof a product X Y of two-stagespaces.Note

that ,(Baut {(X)) isnaturally a subspaceof .(Baut (X Y)): Weprove

Theorem 5.2 Let X andY be two-stageformal spaceswith X an Fy-space

satisfying Halperin's conjecture. Then
«( Baut; (X)) center( .(( Bauti(X Y))):

Proof. By Theorem 3.2, .(Baut (X)) = Ly(X): SinceL{(X Y) is
abelian, it suces to shov [L{(X);Lo(X Y)] = 0. Write (M y;dy) =

(( Wp) ( Wy);dy); again for the Sullivan minimal model of Y. Choose

By Theorems3.3 and 4.2, the elemerts of Lo(X Y) are represeted by
derivationsin Do(X Y;Y) B(X Y;Y): Sud derivations clearly comnute

with thosein D(X): 2
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Theorem 5.3 Let X andY beasin Theorem5.2. Then

nil( .( Bauty(X Y))) = nil( .( Baut(Y))) + ;

whee = 0or L If maxq (X)) min( .(Y)) then = 0.

Proof. We prove

nil ( (Baut (X Y)=L,(X Y)) nil( .(Baut (Y))):

The rst statemert then follows from the fact that L,(X Y) is an abelian
ideal.

Consider the left ( Vy)-action on M x vy induced by the isomorphism
Mxxwy = Mx My: It inducesa left ( Vy)-action on Der, (Mx »y) after
truncation in positive degrees.Similarly, the left H *(X )-actiononH*(X Y)
inducesoneonL (X Y): Obsenethat p: Der(M x«y)! L(X Y)satises
p(P )= (P) p()where :Myx ! H*X) isthe formalization map.

The restriction of the ( Vp)-actionto Do(X Y;Y) B(X Y;Y) satises

() @xw(P )=P @x () and (i) [P 1Q ]=PQ [4 o]

forP;Q2 (Vo) 15 22Do(X Y;Y) B(X Y;Y): The restriction of the
H*(X)-actionto Lo(X Y;Y) satis es

i) D( 2= D@

for 2H*(X)andz2 Ly(X Y;Y):
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Supposez;;z; 2 Lo(X  Y) represeh homogeneouglemerts with non-
trivial bracket. By Theorem3.3,21;2, 2 Lo(X  Y;Y): Fori = 1;2, write
z = P o zj;wheref ;::1; 4gisa xed additive basisfor H*(X) and
zj 2 Lo(Y). By (iii ), z; 2 Lo(Y): UseTheorem4.2to chooserepresemativ es

i 2 Do(Y) for z: Then ; = P { P 2Do(X Y) represes z where
the Py 2 ( V) are cocycle represemativ esfor the jj: By (i), § 2 Do(Y):
Moreover, by (i),

xd xd
08 p([ +; 2]) = (Pi Pop( 55 %)):

j=1k=1
Thus there exist ;; 5 2 Do(Y) with p([ };; %]) 6 0in Lo(Y):

For the secondstatemert, note that the degreehypothesisimplies

[D1(X);Do(X YY) B(X Y;Y)=0

When H*(Y) is free, we get the completeanswer. Namely,

Theorem 5.4 LetX bean Fy-space satisfying Halperin's conjectureandY a
nontrivial productof rational Eilenkerg-Maclanespaces. Letm = max( .(Y))
and c= maxlern .(Y)): Then
center( .( Baut(X Y)) = .( Bau(X)) | HTEX)  m(Y)
k=1

and

( c+ 1 if max (X)) > max .(Y))

nil( .( Baut(X Y)) = [ it max( (X)) max .(Y)):
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Proof. HereW; = O and ( W) = H*(Y): By Theorem3.2,

M M
JBaut (X Y)=L,(X Y) HX YY) wptk

n>1k>0

By Theorem5.2,L(X) Li(X YY) is certral. For degreereasons,the
L . . . i
subspace [, H™k(X) W is certral. Using cyclerepresetatives,it is

straight-forward to ched that there are no other certral elemerts.

sequencefor ,(Y); asdened in x1. Thus S; = (jwj) for w, 2 W,; of
maximal degree. Each admissablesequencel givesrise to an elemen P 2
( Wp) unique up to sign. Namely, P is the product of all w; with jw;j 2 T
and1if T isempty. Let P._; bethe polynomialandwc_; bethe basiselemert

correspnding to the passagdrom S; to S; ;. Then

1@ve = q [1@Vy [P2@Vo[  [Pc-1@Ve-1;Pc@ve] ]I

represeis a maximal nortrivial iterated bracket in . (Baut ;(Y)) of length
C.
If max( (X)) > max( .(Y)) choosey; 2 V; with jy;j > jwj: The ele-

ments 1@; andw.@); in D;(X Y) clearly cannot bound. Thus

1@; = q [1@v; [P2@Va[  [Peo1@Ve_1 [Pc@ve; we@;]] 111

represeis an nontrivial iterated bracket of length c+ 1: The rst casefollows
from Theorem5.3.
Finally, sinceL (X Y)isanabelianideal, any nortrivial iterated bradcket

in .(Baut {(X Y)) caninvolve at most one elemen from this subspace
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and this elemen must occur at the innermost bradket. The nilp otencewhen
max( (X)) max( .(Y)) follows easily 2
5.5 Remarks.

If F is pure, elliptic and formal then [4]impliesF ' ¢ X Y whereX isan
Fo-spaceand Y is a product of odd spheres.Theorem5.4 thus computesthe
certer and nilpotenceof the rational homotopy Lie algebraof the classifying
spacefor all pure, elliptic, formal spacesmodulo the Halperin conjecture.

By [10, Theorem 3], Hnily(aut;(X)) = nil( .(Baut (X))): Examples
1.1 (1) and (2) thus follow from Theorem 5.4 and the proof of Halperin's
conjecture for truncated polynomial algebras[8]. Example 1.1 (3) follows
from the main result of [12] together with the work of Borel in [2], which

implies rational factorizations
U(n)=U(n,) U(n) ' o U(m)=U(n,) U(ne) S*mH+b-t SHi

Sp(M=Sp(n1)  Sp(k) ' @ SP(M)=Sp(n;)  Sp(ny) ML gin

Example 1.1 (4) follows from the main result of [7].
In [15], we usethe techniquesof this paper to determinethe full rational
homotopy type of Baut;(X Y) under further restrictions on the spacesX

and Y.
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