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RATIONAL HOMOTOPY OF THE SPACE OF SELF-MAPS
OF COMPLEXES WITH FINITELY MANY HOMOTOPY GROUPS

SAMUEL B. SMITH

ABSTRACT. For simply connected CW complexes X with finitely many, finitely
generated homotopy groups,! the path components of the function space
M(X, X) of free self-maps of X are all of the same rational homotopy type if
and only if all the k-invariants of X are of finite order. In case X is rationally
a two-stage Postnikov system the space My(X, X) of inessential self-maps of
X has the structure of rational H-space if and only if the k-invariants of X
are of finite order.

1. INTRODUCTION

Given spaces X and Y let M(X, Y) denote the space of free, continuous
maps from X to Y with the compact-open topology. Givenamap f: X — Y,
we let My(X,Y) denote the component of f in M (X, Y). In particular, we
denote by My(X, Y) the space of inessential maps from X to Y and by
My(X, X) the space of self-maps of X which are homotopic to the identity. If
X and Y are spaces with base points then we have the subspace M (X, Y). of
M(X,Y) consisting of all based maps between X and Y. Given a based map
f:X =Y, wewrite Ms(X,Y), for the component of f in M(X, Y)..

In his 1956 paper [20], R. Thom used a Postnikov decomposition of Y to
show that the homotopy groups of M (X, Y) are determined up to a series of
group extensions involving the cohomology of X with coefficients in the homo-
topy of Y. To illustrate his technique, Thom computed the rational homotopy
groups of certain function spaces. He also showed how by analyzing the eval-
uation map it is possible, in certain cases, to determine the rational homotopy
type of components of M(X, Y). While predating by many years Sullivan’s
development of the theory of minimal models, Thom’s work established the
techniques for studying function spaces within the framework of rational ho-
motopy theory. In [7], Haefliger completed a program initiated by Sullivan
[18] with the construction of a rational homotopy-theoretic model for the space
of sections of a nilpotent bundle. The construction embodied the two aspects
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896 S. B. SMITH

of Thom’s approach to the study of function spaces—Haefliger and Sullivan’s
algebraic model mirrored Thom’s geometric use of Postnikov decompositions
and, as Thom’s work suggested, a key element of the construction was the alge-
braic characterization of the relevant evaluation maps. In this paper we apply
Thom’s methods within the context of Sullivan’s minimal models to study the
rational homotopy types represented by the components of function spaces.

A basic problem concerning the function space M(X, Y) is to classify its
components up to homotopy type. In case X is an n-manifold and Y an
n-sphere, Hansen [8] classifies the components in terms of the degree of the
map from X to Y. Mpgller obtains an analogous classification theorem in [14]
when X and Y are taken to be complex projective spaces. If Y is an H-space
with homotopy inverses, it is easy to show that the components of M (X, Y)
represent one homotopy type. Our first main result states that when X =Y the
assumption that X is a rational H-space is necessary to ensure the components
of M(X, X) are of one rational homotopy type. We prove

Theorem 1. If X is a simply connected complex with finitely many, finitely gen-
erated homotopy groups, the path components of M(X , X) are all of the same
rational homotopy type if and only if the k-invariants of X are all of finite order.

The proof of Theorem 1 is computational; we use rational Postnikov tow-
ers together with Thom’s method for calculating homotopy groups of function
spaces, which we recall in §3. In fact, the key lemma (Lemma 3.2) is the
calculation of the rational homotopy groups of the space My(X,Y) for X
and Y simply connected spaces of finite homotopy type. Our computational
method also permits the determination of the rational homotopy type of the
space M;(X, X) for certain spaces X, which has implications for the the-
ory of classifying fibrations (see §5). As an example we determine the rational
homotopy type of M;(X, X) when X is a product of spheres (Theorem 2).

If X isan H-space then multiplication of maps gives the spaces My(X, X).
and My(X, X) the structure of H-space also. In Lemma 6.1, we prove that
if X is a two-stage Postnikov system, then the space of based inessential maps
My(X , X). has the structure of H-space regardless of whether or not X does.
This fact contrasts sharply with the situation for the space of free inessential
maps. In fact, our second main result implies that if X is rationally a two-
stage Postnikov system, then the assumption that X is a rational H-space is
necessary to ensure that My(X, X) has the structure of rational H-space. We
prove

Theorem 3. Let X be a simply connected complex with finitely many, finitely
generated homotopy groups whose rationalization is a two-stage Postnikov system.
Then there is a rational equivalence

Mo(X, X) =g X x My(X, X)..

The proof of Theorem 3 consists in constructing the minimal model for
My(X, X). To accomplish this we use the Hirsch Lemma [4, Lemma 3.1] and
the algebraic characterization of certain evaluation maps given by Haefliger [7],
which we recall in §7. Our proof follows the approach taken by Mgller and
Raussen in [15]. We remark that since M;(X, X) always has the structure of
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H-space, with multiplication given by composition of maps, Theorem 3 can be
viewed as a refinement of Theorem 1 for two-stage Postnikov systems.

This paper represents a portion of the author’s Ph.D. thesis. The author
would like to thank his thesis advisor, Professor Donald Kahn, for his assistance
and encouragement during the preparation of this work.

2. PRELIMINARIES

In this section we recall results and establish notation for use in the sequel.
We begin with a result on

Function spaces and rationalization. The space M (X, Y) does not, in general,
have the homotopy type of a CW complex. (For an example of this failure,
see [13, p. 273].) Since we wish to consider the rationalization of components
of M(X,Y), we must restrict the spaces X and Y under consideration so
that the components of M (X, Y) are nilpotent CW complexes. The following
proposition provides us with a suitable class of spaces with which to work:

Proposition 2.1. Let X and Y be simply connected countable CW complexes with
either

(a) X a finite complex or

(b) X having finitely generated homotopy groups and Y having finitely
many, finitely generated homotopy groups.

Then each component My(X,Y) of M(X,Y) is a nilpotent CW complex.
Moreover, if e : Y — Yy is the rationalization of Y, then the induced map
e:Ms(X,Y)— M,s(X, Yy) obtained by composition with e, is the rational-
ization of My(X ,Y). The analogous result holds on based mapping spaces.

Proof. When X is a finite complex, Milnor [13] shows that M;(X, Y) has the
homotopy type of a (countable) complex. The result on the nilpotence and the
rationalization of M,(X, Y) in this case is [10, Theorem 2.5]. In case (b) the
fact that M;(X, Y) has the homotopy type of a complex is due to P. Kahn [12].
For nilpotence, we observe that the proof of [11, Theorem A] goes through if Y
is a finite Postnikov piece (as opposed to being homologically finite). Similarly,
the result on the rationalization of M/(X, Y) in case (b) can be deduced from
[11, Theorem B]. O

In view of the proposition, we state our results in terms of simply connected
complexes with finitely many, finitely generated homotopy groups. We remark,
however, that we could work equally well with simply connected finite complexes
X with finite-dimensional rational homotopy (i.e., Y,,dimgn,(X) ® Q <
00).

Minimal models. We next establish notation for working with differential graded
algebras (DGAs) and Sullivan’s theory of minimal models. Our references for
rational homotopy theory are [2, 4, 18, 19].

By a DGA, (¥*,d), we mean a connected commutative graded algebra
&* over Q together with an algebra derivation d of degree one whose square
is zero. Given a rational vector space V', we denote by A,(V) the free
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graded algebra generated in degree n» > 0 by the elements of V. Alter-
nately, if x;,...,x; are a basis for V' we may write A,(x;,...,Xx;) for
An(V). A graded algebra Z* is free if %F* may be written in the form %* =
R An(Vy). In this case, we will write Vect,(Z*) = V;, for the vector space
of degree n generators of Z*.

A DGA (#*,d) is minimal if %* is free as graded algebra, Z* =
Ry An(Vy), where the graded vector space @,-, V, admits a well-ordered,
homogeneous basis x, such that dx, is a polynomial without linear term in
the xg with B < a. In particular, if %* is free and simply connected then
(#*, d) is minimal if and only if the image of d is contained in the decom-
posables of Z*.

If (&*,d) isa DGA and &* is a free graded algebra given as above, then
we may form a new DGA (%*, d’), which we denote by &* = &* @, F*,
where, as graded algebra, &* = &/* @ &*, and where the differential d’ is
defined by d'|/* = d, while d’ on Z* is some degree one derivation from
Z* to the cocycles of (&*, d). Note that defining d’ is equivalent to defining
linear maps d': V, —» H"\(&/*, d).

If X is a nilpotent CW complex, then we have the de Rham-Sullivan DGA
(Q*(X), dx) which has the property that H(Q*(X), dx) = H*(X, Q) byaniso-
morphism which is induced by a chain map to the rational cochains of X . We
say (& *(X), dx) is a model for X if there is a chain map from (& *(X), dx)
to the de Rham-Sullivan DGA which induces an isomorphism on cohomology.
A model (& *(X), dx) is a minimal model for X if (&/*(X), dx) is a minimal
DGA. Sullivan [18] proves the existence and uniqueness (up to DGA isomor-
phism) of a minimal model for X as hypothesized. He shows, moreover, that
the minimal model of X is, in fact, a unique invariant of the rational homotopy
type of X. We will write (#£*(X), dx) for the minimal model of X .

3. RESULTS OF THOM AND A CALCULATION

We begin this section by recalling results of Thom in [20]. Let G be any
abelian group and # > 1. Then, for any complex X, Thom observes that
the components of M (X, K(G, n)) represent a single homotopy type. Since
K(G, n) has the structure of abelian topological group so does My(X, K(G, n)).
Therefore, My(X, K(G, n)) has the homotopy type of a product of Eilenberg-
Mac Lane spaces. Thom constructs an isomorphism

(3.1) mp(Mo(X , K(G, n))) = H* ?(X, G),

which is defined as follows. Given a € n,(My(X , K(G, n))), by the exponen-
tial law o is represented by amap F : S” x X — K(G, n) with F,, x = *. Let
In € H"(K(G, n), G) be the fundamental class. Then, since Fj.xx = *, We
may write F*(1,) = s, ® a,—p € H"(S? x X, G) for some a,_, € H" (X, G)
where s, € HP(S?, Z) is a fixed generator. The isomorphism sends o to a,—p.

Given a fibration ¢ : E — B and any map f: X — E, we have a fibration
q:Mi(X,E) - My,s(X,B), where g is the map defined by composition
with g . Thom argues that if ¢ is a principal fibration with fibre F = K(G, n),
then a component of the fibre of g may be identified as My(X, K(G, n)). Thus
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for principal fibrations K(G, n) — E % B we have a fibre sequence on free
mapping spaces of the form

Mo(X, K(G, n)) - My(X, E) % M, /(X, B).

Corresponding to this fibre sequence we have a long exact sequence on homotopy
of the form

c o Ty (My(X , E)) = Tp(Myos(X, B)) 2 mpmi (Mo(X, K(G, 1)) — -+ .

As regards the boundary homomorphism & in this sequence, Thom gives the
following characterization which takes into account the identification of
nP—l(MO(X, K(Ga n))) with Hn+1—p(X, G)

Let k,.1 € H*!(B, G) be the k-invariant for the principal fibration

K(G,n)— E % B.

Then, given F : S» x X — B with F,.x = q o f representing a €
mp(Myos(X, B)), we have that F*(k,y,) € H"*!(SP x X, G) and, as such,
we may write
F*(kpi1) = 5p ® any1—p + 1 @ anyy.

However, since Fj,.x admits a lifting to E we see that (Fj,xx)*(kns1) =0 so
that actually

F*(kne1) = Sp ® anp1—p € H™1(SP x X, G),
for some a,41-, € H"'7P(X, G). Thom argues that the image of a €
np(Myos(X , B)) under the boundary homomorphism

9 : 1p(Myos (X, B) = 1yt (Mo(X , K(G, m))) = H™'~7(X , G)

identified in H™!~P(X, G) is the cohomology class a,.;—,. We use these re-
sults to prove

Lemma 3.2. Let X and Y be simply connected complexes with finitely many,
finitely generated homotopy groups. Let V, = n,(Y)®Q, n > 1. Choose N
such that V, = 0 for n > N. Then, the rational homotopy groups of the free
mapping space My(X,Y) are given, for p >0, by

N
Tp(Mo(X, Y) Q= P H" (X, Vy).

n=2
Proof. Let Y,, n=2,..., N, be the terms in the Postnikov decomposition
of the rationalization Yy of Y. Then for each n = 3,... , N, we have a

principal fibration p, : Y, — Y,_; with fibre K(V,, n), and we may assume
that Yy = Y. By the above, we have fibre sequences

Mo(X , K(Vy, n)) — Mo(X, Yn) 25 My(X, Y,_y).

Our method will be to show that, for each such fibre sequence, the boundary
homomorphism

0 mp(Mo(X, Yy_1)) = mp 1 (Mo(X , K(Vi, 1))

is zero for all p > 0.
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Before proving this fact let us observe that it implies the result. By Proposi-
tion 2.1 and our assumptions on X and Y, we have, regarding the rational-
ization (My(X, Y))o of My(X, Y), that

(Mo(X, Y))o =~ Mo(X, Yo) = Mo(X, Yw).

If all boundary homomorphisms vanish, as will be shown, then, from the exact
homotopy sequences corresponding to the above fibrations, we see inductively
that

mp(Mo(X, Y)) ® Q = mp(Mo(X , Yn))
= 7p(Mo(X 5 Yn-1)) @ Tp(Mo(X , K(Viv, N)))
& p(Mo(X, Yn-2)) ® mp(Mo(X , K(VN-1, N — 1))
® m,(Mo(X, K(Va, N)))

N
>... 2P, (Mo(X, K(Vy, n))).

n=2
To recover the statement of the lemma, we use Thom’s result (3.1) that
mp(Mo(X , K(Va, n))) = H'P(X, V3).
To show the boundary homomorphism
9 1 mp(Mo(X, Yy—1)) = M1 (Mo(X , K(Va, 1))

is zero we use the characterization given it by Thom, recalled above.

Let a € mp(Mo(X, Yy—1)). Choose F : S? x X — Y,_; with Fl.xx = *
representing a. Let k,,., € H"*(Y,_;, V) be the k-invariant of the principal
fibration K(V,, n) — Y, 2 Y,_,. Then we have that

8(a) € 71 (Mo(X , K(Va, )
is identified as a,41—p, € H"*'=P(X, V,) where
F*(kny1) = 8p ® Gpp1—p € H™(S? x X, V).
To show d(a) =0 then it suffices to show
F*: H"™(Y,_;, Q) — H"(S? x X, Q)
is zero. We prove the latter fact by considering the DGA map
M(F) (M (Y1), dy,_) — (M7(SP x X)), dsoxx)

induced on minimal models by F :S? x X — Y,_;.
By the Kiinneth formula for minimal models [19, p. 75] the minimal model
of SP? x X is given as

(A*(SP x X), dsoxx) = (M*(SP) Q@ M*(X), dsp @ dx).
Recall that (#Z*(S?), ds») is given by

Ap(xp), ds» =0 for p odd,

M*(S?), dsp) =
(A7(S"), dsr) {A,,(x,,)@ds,, Azp-1(y2p-1), dsr(y2p-1) = X; for p even.
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Thus for p odd or even, .Z*(S? x X) decomposes as graded vector space in
the form

(3.3)

H(S? % X) = (1047 (X)) ® (x, ®.£7(X)) @ (QB H(SP) wf*(X))
i#0,p

where we write .#"(S?) for the elements of degree i in .£*(SP). Put &/* =
Divo,, 2 i(SP)® .#*(X), and observe that .&/* is, in fact, a sub-DGA (albeit
without unit) of .Z*(S? x X). We denote the restriction of ds,xx to &* by
dy.

Since Y,_; is simply connected and n-coconnected (i.e., m4(Y,—1) =0 for
q > n) by the Sullivan isomorphism [2, p. 65], the minimal model for Y,_; is
generated by elements of degree < n. Thus .Z"+1(Y,_,) is additively generated
by decomposable elements. Let z,., € .#"*(Y,_;) be of the form z,,, =
Il; zi where z; € #£7(Y,_;) and O <r; < n. Then

M (F)(201) = 4 (F) (H zi) [L#°(F)z) e A™(S"  X)

Using (3.3) we may write .#*(F)(z;) in the form
M (F)z))=1®a;+x,®b; + C;

where a; € #71(X), b€ #""P(X), and C; € &". But now, since Fj.xx =
x, we see that each a; = 0. We conclude that actually

M*(F)(zpyy) = H/[*(F)(zi) = H(x,, @b+ C) e L™,

Since .#"*1(Y,_;) is additively generated by such decomposables z,.;, we
have shown that .#*(F) maps .#"+!(Y,_;) into &/ "+,

Now, since H'(S?,Q) = 0 for i # 0, p, the DGA (&*,dy) is, by its
definition, acyclic; i.e., H*(&/*, dyy) = 0. Asaresult of the preceding paragraph
then, the map induced by .#*(F) on degree n+ 1 cohomology is zero. Finally,
recall that the map induced by .#*(F) on degree n + 1 cohomology is just
F*: H*™*\(Y,_,, Q) — H"!(S? x X, Q), and the proof is complete. O

Remark. Lemma 3.2 asserts that the differentials in the Federer spectral se-
quence [6] E,zj = H7Y(X, n;(Y)) = mi+j(Mo(X, Y)) have finite order. The
referee has pointed out that this fact is well-known and easy to prove when X
and Y are spectra and the spectral sequence is the Atiyah-Hirzebruch spectral
sequence.

4. PROOF OF THEOREM 1

The proof of Theorem 1 consists in comparing the rational homotopy groups
of My(X, X) with those of M;(X, X). In preparation for the proof, we follow
Thom’s approach to obtain a characterization (Lemma 4.4) of the boundary
homomorphisms in the long exact homotopy sequence of certain mapping space
fibrations.
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For /| =2,...,n+1, let V; be a rational vector space and let X, =

[T, KV, ). Let K(Vpy1,n+1) = X, 2% X, be a principal fibration
with classifying map k,.; : X, = K(Vy41, n+2). Given a space X and any
map fui 0 X — Xyp1 let fu = ppyr o fur1 : X — X,,. We seek to characterize
the boundary homomorphisms

(4.1) 0 :mpy(Ms (X, X)) = 1yt (Mo(X , K(Vigr, n+1)))
of the long exact sequence oh homotopy corresponding to the fibre sequence
Mo(X, K(Vasr, n+1)) = My, (X, Xpi1) = My (X, Xp).

Since X, is a product of Eilenberg-Mac Lane spaces, from Thom’s result
(3.1) we have

42) m(M(X,X)2@PH7X, V) 2@PH7PX,QeV",
1=2

where V;* = Hom(V}, Q). Similarly,
7tp—l(]uO(/Y> K(Vn+1 » n+ 1))) = Hn_p+2(Xa Q) ® n*:i-l'

Using these identifications, we view J in (4.1) as a map

n
(4.3) 0:PHTX, Qe — H "X, Qe V.

Let d; = dimgV*, [ =2, ..,n+1,andletx,1, i=1, ,d;, bea
basis for ¥}*. Now k., induces a linear map kn R AR H"+2(X Q) on
rational cohomology. Observe that H*(X,, Q) is the free graded algebra given
by H*(X,, Q) = ®_,A/(V}*). Thus the elements of H"*2(X,, Q) may be
viewed as polynomials in the variables x;;, 2</<n. Let p; =k ,(xj ns1) €

H™2(X,, Q) be the corresponding polynomials in x;, 2 < [/ < n. Then,
regarding 0 in (4.3), we have

Lemma 4.4. Given a;,_, € H"™?(X, Q) with 2<ly<n,

n+l

6(a10—p®xi010 Zalo—p f;l <6x )®x] n+1 eHn P+2(X @)® I::l-l’
iolo

for 1 <ig< dlo

Proof. Let p; : X, — K(V;, 1) be the projection onto the /th factor of X,
l=2,...,n. Define F:S? x X — X, by requiring that

1® Xy, +5p @ a,—p € HO(S? x X, Q) fori=1ip, [ =1y,

F)*(xyy) =
(pr 0 F)* (i) {1 ®Xy € H'(S? x X, Q) otherwise,

where s, € HP(S?, Z) is a fixed generator, and X; = f(x;) € H/(X, Q).
We claim that F' represents an element o € 7,(Mj (X, X,)). To see this, let



RATIONAL HOMOTOPY OF THE SPACE OF SELF-MAPS 903

ir: X — SP x X be the inclusion i(x) = (*, x). Observe that for each x;;,
(F o ip)*(xi) = i3(F*(xi)) = i5(1 @ Xy + €8p ® ajy—p) =Xy = fyf (xur),
where € is either one or zero according to whether or not (i, ) = (iy, lp). It
follows that Fj.xx ~ f» : X — X, which implies the claim. It is easy to check
that this a € m,(M, (X, X,)) corresponds to a;,_, ® X;,;, € H*?(X, Q) ® Vi

under the identification (4.2).

According to Thom’s characterization of the boundary homomorphism (§3),
to prove the lemma we must show that for 1 < j <d,,1,

* L% op;
F*okp y(Xj nt1) =Sp @ ay—p - fyf (6xpijl ) e H"(X,Q),
0t0

where we recall that p; = k}, ,(X; »+1) € H"(X, Q) is a polynomial in the
Xy, 2<l1<n.
Write p; in the form

pj= (xiolo)mml + (xiolo)ntmt +p; s

where p; is a polynomial and the m; are monomials which do not involve the
variable x;. Using the fact that sg =0, we compute

F* o ky a(Xj,ne1) = F*(pj) = F* ((Xigiy)™ M1 + -+ + (Xigty) My + p})
= (1 ®Xipiy + 5 ® ay—p) " (1® f (my))
+o+ (LTl +5p ® agy—p) " (1@ fir (M) + 1.® £ (0))
= 11 (Sp ® Ay—p(Figty)™ ™ S (m1)) + -+ + 1y (8p ® Ay p (Kigiy)™ ™" f (1))
+ 18 (Xigip)" fr (1) + -+ + 1.0 (Xigs,)™ fr (M) + 1 © £ (D})

=85 ®dly—p* Jy (8x,~11 ) +10 i) =®ay—p- fr (axijl ) .
olo 040

(Note : f;7(p;) = (kns2 © fu)*(Xj,ne1) = O since knyzo fy=+) O
We are now prepared to prove

Theorem 1. Let X be a simply connected CW complex with finitely many,
finitely generated homotopy groups. Then, the components of M(X, X) are
all of the same rational homotopy type if and only if all the k-invariants of X
are of finite order.

Proof. 1If the k-invariants of X are all of finite order, then the rationalization
Xo of X is a product of (rational) Eilenberg-Mac Lane spaces—a finite product
since X has finite-dimensional rational homotopy. Thus X, has the homotopy
type of an abelian topological group and so the components of M (X, Xy) are
of the same homotopy type. Sufficiency now follows easily from the fact that, by
Proposition 2.1, given any f: X — X the map e: My(X, X) = Mo r(X, Xo)
is the rationalization of M (X, X), where e : X — X, is the rationalization
of X.

To prove necessity we show that if such a complex X has an infinite order k-
invariant, then the rational homotopy groups of M;(X, X) are not isomorphic
to those of My(X, X).
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Suppose X is as in the hypothesis and has an infinite order k-invariant. Let
{Xn}52, be the spaces in the Postnikov decomposition of the rationalization X,
of X. Since X has finite-dimensional rational homotopy, we may suppose that
Xy = Xy for some N > 0. We are given principal fibrations p, : X, — X,_;
with fibre K(V,, n), where V, = n,(X)® Q and n-equivalences f, : Xo — Xp
with p,o f, = fu_1. Wetake fy: Xo — Xy = Xy to be the identity.

Let f: X — X be any map. For each n we have the fibre sequence

Dn
Mo(X, K(Vn s n)) - Mf,,oeof(Xa Xn) R Mj;,_loeof(Xa X, —l)~

Thus, for each p > 0, corresponding to the above fibre sequence we have the
exact sequence

(o)«
Tp(Mo(X , K(Va, 1) = p(Mpyoe0r(X > Xn)) == Tp(My,_j0cor(X 5 Xn-1)).

Now X, = K(V,, 2) and
M poeor(X s XN) = Meos(X 5 Xo) = (Mp(X, X))o
Since, by the above sequence,
dimo 7ty (M foeor(X , Xn)) <dimom,(Mo(X , K(Vs, 1))
+dimg7, (M, eor(X s Xn-1)),

and since 7,(Mo(X, K(Vy, n))) = H" (X, V,), we see by an easy induction
that, for p > 0,

N
(4.5) dime7,(My(X, X)) ®Q < Y dimgH" (X , V).

n=2

In Lemma 3.2 we showed that, if f : X — X is taken to be the constant
map, then the inequality (4.5) is actually an equality for all p > 0. To prove
the theorem, we take f : X — X to be the identity and show that there exists
p > 0 for which the inequality (4.5) is strict. To show this, it suffices to prove
that, for some p > 0 and some # in the range 2 < n < N, the boundary
homomorphism

0 : p(M0e(X s Xn)) = 7ip—1(Mo(X, K(Vayr, 1+ 1)),

corresponding to the exact sequence on homotopy of the fibration

Pn+1

My(X, K(Vp1, n+ 1)) = Mg oe(X, Xni1) = My (X, Xp)

(i.e the fibration in the case where f = 1y) is nontrivial.

We are assuming that some k-invariant of X is of infinite order. It follows
from this that the corresponding k-invariant of X, is nontrivial. Suppose
knia € H™2(X,, Vpy1) is the first nontrivial k-invariant of X,. Then X, is
a product of rational Eilenberg-Mac Lane spaces; in fact, X, = [];_, K(V}, ).
With the notation of Lemma 4.4, since k;;, : V;5.; — H"*2(X,, Q) is nontrivial
we may choose X, ni1 € V%, such that pj, = kX ,(xj,, n1) € H*™2(X,, Q) is
a nonzero polynomial in the variables x;;, 2 </ <n. Let x;, be a variable
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appearing in pj,. Then, according to Lemma 4.4, the boundary homomorphism
0: nlo(Mf;,Oe(X> Xn)) - 7zlo—l(MO(/Y> K(Vn+1 , b+ 1)))
with identifications as in (4.3), is given on 1® x;,;,, € H'(X, Q) ® Vi by

dns1
* op; -
(1@ X)) =Y (face) (axp-], ) ® Xj n1 € H* (X, Q).
j=1 lolo

Since pj;, € H**?(X,, Q) involves the the variable Xigly» certainly Opj,/0x;
is nonzero in H" ©+2(X,, Q). Since f, is an n-equivalence and e is a ra-
tional equivalence, (fy o €)*(dpj,/0X;,,) is nonzero in H"~h*2(X, Q). Thus
0y (Mpoe(X, Xp)) = mpp—1(Mo(X , K(Vay1, n+1))) is nontrivial. O

5. THE RATIONAL HOMOTOPY OF M (X, X)

The space M (X, X), often written G,(X), is an H-space with multipli-
cation defined by composition of maps. Its classifying space Bg,(x) (see [5]),
is the universal cover of the classifying space, Bg(x), for Hurewicz fibrations
with fibre the homotopy type of X, as constructed by Stasheff [17] and Allaud
[1]. Determining the rational homotopy type of Bg,(x) is an important and,
in general, difficult problem. (See [18, pp. 313-314] for a description of the
Quillen minimal model of Bg,(x) and [21] for an application of this model.)
On the other hand, since M;(X, X) is an H-space it has the rational homotopy
type of a product of rational Eilenberg-Mac Lane spaces. Thus determining the
rational homotopy type of M;(X, X) is equivalent to computing its rational
homotopy groups. In [16], we use Lemma 4.4 to compute the rational homo-
topy groups of M;(X, X) (and thus, by degree shifting, the rational homotopy
groups of Bg,(x)) for spaces X whose rational cohomology is a tensor product
of free algebras and truncated polynomial algebras—a class of spaces which in-
cludes products of spheres, projective spaces and Eilenberg-Mac Lane spaces.
To indicate the method, we prove

Theorem 2. Let X = S" x --- x 8™ x S x --. x S, where the r; are even, the
t; odd and r;, t; > 1. Then the rationalization of M,(X, X) is given by

k 2ri—1 ) I 4
(Mi(X, X))o = (H II K(le",P)) X (an(m—p(x, Q),p)) ,

i=1 p=1 i=1 p=1

where b} = dimg(H*=P~1(X , Q)) — dimg(H"?~!1(X, Q)).
Proof. To begin, observe that

k i
My (X, X) ~ (HMpi(X, S,,.)) x (HMqi(X,S'f)) ,

i=1 i=1

where p; : X — S% and ¢; : X — S% are the projections. Since f; is odd,
(S%)o = K(Q, t;). It follows from Proposition 2.1 and Thom’s result (3.1) that

(M, (X, §%))0 = [[ K(HI™(X , ©), p).
p=1
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It remains then to take # = r; to be even and compute the rational homotopy
groups of M,(X,S"), where p=p;: X — S" is the projection.

Let e: S” — (S")o be the rationalization of S". Let t =eop: X — (S")o.
Then, by Proposition 2.1, we have that (M,(X, $"))o ~ Mz(X, (S")o). Now
the Postnikov decompositon of (S")q is of the form

K(@Q,2n—-1) <= (8" > K@, n),

with k-invariant k,, = 12 € H*(K(Q, n), Q) where 1, € H"(K(Q, n), Q) is
the fundamental class. Accordingly, we have a fibre sequence of the form

Mo(X, K(Q, 21 — 1)) » My(X , (S")o)  Myex(X , K(Q, ).
By Lemma 4.4, the boundary homomorphism
0 : mp(Myon (X, K(Q, 1)) = mp—1(Mo(X , K(Q, 21 - 1))),
identified as in (4.3), is given by
O (an—p ® 1p) = 2an_pxn € H"?(X, Q),

where x, = (g o m)*(1,) € H"(X, Q) and a,—, € H"?(X, Q). Now multi-
plication by x, gives a linear injection of H"?(X, Q) into H**?(X, Q).
(Note that x, € H"(X, Q) corresponds to a nontrivial element of H"(S", Q)
viewed in H"(X, Q).) Thus & is injective for all p > 0. Since the homotopy
groups of My(X, K(Q, 2n—1)) and My-(X, K(Q, n)) are given by Thom’s
isomorphism (3.1) the result now follows from a dimension count. 0O

6. My(X, X). As H-SPACE

In [3], Brown gives an example of spaces X and Y with X not a sus-
pension and Y not an H-space such that the space of based inessential maps,
Mo(X, Y)., hasthe structure of H-space. The following lemma provides more
examples of this phenomenon:

Lemma 6.1. Let X be a simply connected complex with only two nonvanishing,
finitely generated homotopy groups, say n,(X) and n,(X), with 1 <n < m.
Then

m—1

Mo(X, X), = [[ KH™ (X, am(X)), i).

i=1
Proof. If Y isan H-space and X is any complex, define @ : Y x My(X, Y), —
My(X,Y) by @, f)(x) =y- f(x), where the product is taken in Y. We
claim that @ is a weak equivalence. To prove this, we consider the evaluation
fibration,

My(X,Y) = My(X,Y) 2 Y,

where p is the map which evaluates a function in My(X, Y) on the basepoint
of X. It is easy to see that ® is a fibre preserving map from the trivial fibra-
tion over Y with fibre My(X, Y), to the evaluation fibration. Moreover, ®
induces the identity map on the fibre over the basepoint of ¥ and a homotopy
equivalence on Y. Our claim follows from the five-lemma.
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An easy consequence of this fact and Thom’s result (3.1) is that given a
K(n,n) with n > 1 and 7 abelian and any complex X, we have a weak
equivalence

n—1
(6.2) My(X,K(n, n)). = [[ KH"(X, ), i).
i=1
To prove the lemma, we view X as the total space of the principal fibration

K(m(X), m) > X & K(n,(X), n), and observe that there then exists a fibre
sequence of based mapping spaces of the form

My(X, K(mm(X), m))s 5 My(X, X)u B Mo(X , K(7n(X), 7).

Since X is n — 1 connected n > 1, HI(X, n,(X)) =0, forall 0 < g <
n. By (6.2), My(X, K(n,(X), n))« is weakly contractible and so i is a weak
equivalence. By Proposition 2.1, i is a map between CW complexes and so the
result follows from (6.2) and Whitehead’s theorem. O

7. A RESULT OF HAEFLIGER

Up to now we have concerned ourselves primarily with computing ratio-
nal homotopy groups of function spaces, for which Thom’s approach of using
Postnikov towers is well-suited. Our proof of Theorem 3, however, involves de-
termining the rational homotopy type of a component of a function space. As
Thom’s work in [20] indicates, an effective approach to this problem is to ana-
lyze the relevant evaluation maps. In this section, we recall a result of Haefliger
and apply it to deduce a characterization of certain evaluation maps.

Let X and Z be connected complexes, ¥, a rational vector space, and
n > 0. In [7, §2.1], Haefliger characterizes maps of the form

9p:Z—->MX,KWV,,n))),
as follows. By the exponential law, ¢ is adjoint to amap ¢ : X x Z —
K(V,, n). By Thom’s result,
n
M(X’ K(Vn’ n)) = HKi
i=0
where K; = K(H" %X, V,),i). Let ¢, : Z — K; denote ¢ composed with
the ith projection. Observe that
H'(K;,Q = H,_i(X,Q) @V

where we view H,_;(X, Q) as the dual space of H"/(X,Q) and V; =
H"(K(V,, n), Q). According to Haefliger, we have

Lemma 7.1 (Haefliger). Given a' @ v € H,_ (X, Q) ® V;} 2 H""'(K;, Q) then
pf(a' ®v)=d Ne*(v) wherea' Nn(a®b)=a(a)b,
for a®be HY(X,Q @ HZ,Q 2 H*(X x Z, Q).
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We apply Haefliger’s lemma to characterize the evaluation map
e: X x M(X, K(Vy, n)) = K(Vy, n),
defined by

8(X,f)=f(X),

and its restriction to a component My(X , K(Vy, n)) of M(X, K(V,, n)) which
we denote by

er: X xMy(X, K(Vy, n)) = K(Vy, n).

Choose an additive basis {a;j|i=0,... ,n; j=1,..., fi} of HS"(X, Q)
where a;; € H(X, Q) and f; = dimg(H'(X, Q). Let b;; € Hi(X,Q), j =
1,..., Bi be the basis dual to the a;;. Let ag=ap,1 =1¢€ H%(X, Q) and let
bo=bp,1 =1 beits dual. Let v € V;} = H"(K(V,, n), Q). Observe that

ew)e HH X xM(X,K(V,, n)), Q)

= @Hn_i(X, Q)@HI(M(X’ K(Vn> n))> @)
i=0

~(PH"(X,QH (HK,-, Q) .
i=0 Jj=0

Since My(X, K(V,, n) is connected,
n . . n
ew)e PH (X, Qe H | [[Ki, Q|-
i=0 j=1

Recalling that H'(K;, Q) = H(K(H" (X, V), i), Q) = H,—i(X, Q) ® V',
we prove

Lemma 7.2 (cf. [15, pp. 323-324)).

(i) e*(v) ZZ“:J®(sz ®v),
i=0 j=1
n—1 Bi

(ii) ev) = a;® (b ®v)+ f*(v)®
i=0 j=1

Proof. We deduce (i) from Haefliger’s result (Lemma 7.1). Note that the adjomt
of ¢

9:M(X,K(Vy, n)) = M(X, K(Vy, 1))

is just the identity map. Let ¢; : M(X, K(V,, n)) — K; be the projection.
Then, by Lemma 7.1, if b,—;,; ® v € Hy—i(X, Q)@ V;f = H'(K;,Q),

@; (bp—i,j ®V) = bp_i,jNE* (V).
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On the other hand, ¢}(b,—i,j ® V) = bp—;,; ®v € H(M(X, K(V», n)), Q),
since ¢ is the identity. Since {a;;} is an additive basis for H<"(X, Q) and

e'(v) e H"(X, Q@ H(M(X, K(Vn, 1)), Q),
i=0

we may write ‘

n B

e*(v) = ZZan_;,j ® ¢ij

i=0 j=1

for some ¢;; € H{(M(X, K(Vy, n)), Q). But now we have
bp-i,j ®V =07 (by—i,j ®V) = by_; jNE"(V)
=bp_i,j N (an-i,j ® cij) = Cij.
This proves part (i).
For (ii) we observe that the composition
X o X x My(X, K(Vy, 1)) 55 K(V, )

is just the map f : X — K(V,, n), which fact, together with (i), implies the
result. O

8. PROOF OF THEOREM 3

Theorem 3. Let X be a simply connected complex with finitely many, finitely
generated homotopy groups whose rationalization is a two-stage Postnikov system.
Then

My(X, X) ~g X x My(X, X)x.

Proof. Our technique will be to construct the minimal model for My(X, X).
We follow the approach of Megller and Raussen [15].

We assume that the nontrivial rational homotopy groups of X occur in
dimensions # and m with 1 < n < m. Put V, = n,(X)®Q and V,, =
m(X) @ Q. Then the rationalization X, of X is given by the pullback dia-
gram

K(Vy, m) Xo P

D q
KV, n) —E=K(Vin, m + 1)

where q: P — K(V,,, m + 1) is the path/loop fibration and where k €
H™VY(K(V,, n), Q) is the rational k-invariant of X. If k is zero than Xj
is an H-space. By the first paragraph of Lemma 6.1, we have that

My(X, Xo) ~ Xo x Mo(X, Xo)«.

The result now follows, in this case, from Proposition 2.1 and we may assume
then that k is nontrivial.
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By [4, Lemma 3.2], the rational Postnikov tower of X determines the mini-
mal model, (#Z*(X), dx), of X. Specifically, (#£*(X), dx) is of the form

M (X) = Mn (Vi) ®ay Am(Vin)-

Regarding the differential dy, note that dy may be viewed as a linear map
dx : V;; - H™Y(K(V,, n), Q) and so as an element of H™(K(V,,, n), V).
According to the lemma, the differential coincides with the rational k-invariant
k of X.

Since k is nontrivial, H™*\(K(V,, n), Q) # 0. It follows that n|m + 1.
Since n > 1, we cannot have that n divides m also. Given the form of
(#*(X), dx) we conclude that

H™(X, Q) 2 ker{dy : V;; » H™'(K(V,, n), Q)}.

We assume, at first, that dy is injective so that H™(X, Q) =0.
The fibration p : Xo — K(¥},, n) induces a fibration on free mapping spaces

p: MO(Xa Xo) — MO(Xa K(I/n > n))'

Since, under our current assumptions, [X, K(V;,, m)] & H™(X,Vy) = 0,
the mapping space M (X, K(V;,, m)) is connected and it follows that the the
fibre of p is M(X, K(Vy, m)). By Thom’s result, the rational cohomology
of M(X, K(V,,, m)) is free as a graded algebra. We wish to apply the Hirsch
Lemma [4, Lemma 3.1] to the fibration p and so obtain a model for My(X, Xp).
To apply the lemma, however, we must first show that the rational cohomol-
ogy of M(X, K(V,,, m)) is transgressive (see [4, p. 257]) with respect to the
fibration p.
To this end, consider the fibration on mapping spaces

q:M(X,P)— My(X, K(Vip, m+1)),

induced by g : P —» K(V},, m + 1), with fibore M (X, K(V,,, m)). From the
exponential law and the definition of P it is clear that M (X, P) is homeomor-
phic to the path space on My(X, K(V;, m+1)). Thus g is just the path/loop
fibration over a product of Eilenberg-Mac Lane spaces. As such, the rational
cohomology of M (X, K(V,,, m)) is easily seen to be transgressive with respect
to g. To show that it is transgressive with respect to p, we show that the
fibration p : Mo(X , Xo) — Mo(X , K(V,, n)) is the pullback of ¢ via the map

k:Mo(X, K(Vy, n)) = Mo(X, K(Vin, m +1)).

Let E denote the total space of the pullback of g by k. Then it is easy to
check that
E={f:X—> Xy | pof~x}
Thus My(X, Xp) is a full component of E. To show equality, we consider
the exact sequence of sets of homotopy classes of maps corresponding to the
fibration K(V,,, m) — Xy 2 K(V,, n), a portion of which is given as

X, KV, m)] = [X, Xo] B [X, K(Vy, n)].

Note that, by our assumption, [X, K(V,,, m)] = H™(X, V;,) = 0. Thus p. is
injective as a map of sets and it follows that E = My(X, Xp).
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We can now apply the Hirsch Lemma to obtain a model for My(X, X).
By Thom’s result, M(X, K(V,,, m)) and My(X, K(V,, n)) are products of
Eilenberg-Mac Lane spaces. Thus the minimal models of these spaces are sim-
ply their rational cohomology algebras with trivial differentials. By the Hirsch
Lemma, a model (& *(My(X, Xp)), d) for My(X, Xo) is given in the form

'M*(MO(X, XO)) = H*(MO(Xs K(Vns n))s Q) ®s H*(M(Xs K(Vms m))7 @)

where the differential J is just the transgression of the fibration p. We seek to
determine the differential explicitly.

Write My(X, K(Vim, m+ 1)) = [I"! K; where K; = K(H" (X, V), i).
Let k; : My(X, K(V,, n)) — K; denote k composed with the projection. Since
p is the pullback of g by k, the k; are the k-invariants for My(X, Xp), and,
as such, they determine the transgression of p.

To be more explicit, write

H*(M(X, K(Vin, m)), Q) = [[Ai(Hu-i(X , V)

i=1
where we identify H,,_;(X, V;,) = H*{(K(H™ (X, Vp), i), Q). Also, let us
write Hp_i(X, Vin) = Hu—i(X, Q) ® V;:. Then given

bm-i,j®V € Hy—i(X, Q) @V, = Vecti(H*(M(X , K(Vin, m)), Q)),

we note that by—;,j ® V € Hp—i(X, Vi) = HAYKH X, Vp),i+1),Q) =
H*Y (K1, Q). Thus k}, (by-i,j ® v) € H* (Mo(X, K(Vy, n)), Q). By the
Hirsch Lemma, the differential

d: Vect;(H*(M(X , K(Vin, m)), Q) » H*'(Mo(X, K(Vz, 1)), Q)
is given by the equation
(8.1) S(bmi,; ® V) = K}y 1 (bm_i,; ® V).

We now apply Haefliger’s result (Lemma 7.1). Note that k is adjoint to the
map g = kogy where & : X x My(X, K(Vy, n)) = K(V,, n) is the evaluation
map restricted to the component of the constant map in M (X, K(V,, n)). By
(8.1) and Lemma 7.1,

O(bm—i,j ®V) = ki 1(bm—i,j ®V) = by, j N g*(V)

(8.2 o

: = bnesy N5k ),

Let x;,..., xs be a basis for H*(K(V,, n), Q). Let v, ... , v; be a basis
for V;:. Recall k* =dy : V;; - H"™(K(V,, n), Q), where dy is the differ-
ential for the minimal model of X . As usual, write k*(v;) = pi(x1, ... , Xs)

where p; is some homogeneous polynomial in s variables of appropriate de-
gree. Now H/(X, Q) =0 for 0 < j < n. By Lemma 7.2 then, the evaluation
map & : X x My(X, K(V,, n)) » K(V,, n) is given simply by the equation

e(xi)=1®by® x;,
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where we recall by € Hy(X, Q) is the dual vector to 1 € HO(X, Q). We see
then that, for v; € V,;, we have

eo(k*(v) = eg(i(x1s - 5 X))
(8.3) =p(l®by®x1,... ,1®by® x5)
=1®pbo®x1, ... ,by® x;).

Combining (8.2) and (8.3), we obtain the following description of the differ-
ential 6. Given b,,—; j ® v; € Vect;(H*(M(X, K(Vin, m)))) for 0 < i< m
we have

0(bm—i,j ® V) = bm—i, j NeG(k*(v)) = bm—i, ;N (1@ Pi(bo® X1, ... , by ® X5))
=vbm—i,j(1) 'pI(bo(X)Xl N b0®xs) =0,

since b,,—;,j(1) =0 for 0 < i < m. Similarly, on the basis {byQv;,... , b ®
v;} of Vect,,(H*(M(X, K(V,,, m)))) we see that § is given by ’

0(bo@v)) =pi(bo® X1, ... , by ® X;s).

We conclude that the model (& *(Mp(X, Xp)), d) may be written in the
form

m—1
L (Mo(X, X0)) = (An(Vy") ®ay Am(Vi)) © <® Ai(Hp-i(X, Vm))) ;

i=1

where dy is just the differential of the minimal model of X . It follows that
K *(Mo(X, Xo)) is, in fact, the minimal model for My(X, Xp). Since the min-
imal model of X is a factor in the minimal model of My(X, X;), by unique-
ness, we obtain

m—1
Mo(X , Xo) ~o X x [[ K(H™ (X, V), i).

i=1
Now, using the proof of Lemma 6.1 and Proposition 2.1, it is easy to see that

m—1
(Mo(X, X)u)o = [] K(H™ (X, V), D).

i=1

Thus, since My(X, X) ~g My(X, Xo), the theorem is proved in the case where
dx :Vy — H™YK(V,, n), Q) is injective.

For the general case, we write V,; = W* @ V* where V* = ker{dy : V,} —
H™YK(V,, n), Q)}. Then we may decompose X, as the product X, = ¥y x
K(V,m) where Y, is a rational two-stage Postnikov system with injective
k-invariant. Let Y be a two-stage Postnikov system with finitely generated
homotopy groups whose rationalization is Y;. Then, by the above, we have
that Mp(Y,Y) ~q Y x My(Y, Y)..

Using Proposition 2.1 and an induction on the height of a Postnikov tower,
it is easy to show that, given a simply connected complex Z with finitely many,
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finitely generated homotopy groups, there is a weak equivalence
(8.4) (Mo(Z, Z))o ~w Mo(Zy, Zo),

where (My(Z, Z)), is the rationalization of My(Z , Z). The analogous result
holds for the space of based inessential maps. Applying (8.4) to our rational
decomposition of My(Y, Y) we get

(8.5) My(Yy, Yo) =4 Yo x Mo(Yo, Yo)«

From (8.4), (8.5) and the exponential law we obtain the following chain of
equivalences:

(8.6)
(Mo(X, X))o = Mo(Yox K(V, m), Yo x K(V, m))
~ My(Yox K(V, m), Yy) x Mo(Yo x K(V, m), K(V, m))
~ My(K(V, m), Mo(Yo, Yo)) x Mo(Xo, K(V', m))
=~y Mo(K(V', m), Yo x Mo(Yo, Yo)s) X Mo(Xo, K(V', m))
~ My(K(V, m), Yo) x Mo(K(V, m), My(Yo, Yo)«)
x My(Xo, K(V, m)).

Now, since Yy is m + 1 coconnected and K(V', m) is m — 1-connected, we
see that, for p >0, 7,(My(K(V, m), Yo)x) = [K(Vim, m), Q?(Yy)] =0, so
that My(K(V , m), Yp). is weakly contractible. From the evaluation fibration
(see Lemma 6.1)

My(K(V, m), Yo)s = Mo(K(V, m), Yo) & Yo
we obtain that
(8.7) My(K(V,m), Yp) >y Yo.
From Lemma 6.1 and (8.4), we have

m—1
Mo(Yo, Yo)u =0 [[ K(H™ (Yo, W), i),

i=1
so that, by Thom’s result (3.1),

m—1
(8.8) Mo(K(V, m), Mo(Yo, Yo)) =u [[ K(H™ (Yo, W), i).

i=1

Also, we have

(8.9) My(Xo, K(V, m)) ~y HK(Hm-i(X, V), i).

i=1
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Substituting (8.7), (8.8), and (8.9) into (8.6), we obtain

m—1 m

Mo(X , X) ~q Yo x [[ K(H™ (Yo, W), i) x [[KH™ (X, V), i)

i=1 i=1
=Yox K(V,m)x [[ K(H™ (Yo, W)@ H" (X, V), i)
i=1
m-—1 )
~o X x [[ KH" (X, Vi), )
i=1

~o0 X x Mo(X, X).,

and the proof is complete. O

Rem

ark. Hansen [9, Corollary 3.5] proves that for n > 8, n # 11,27, and

n# 15mod 16, My(S", S") is not homotopy equivalent to S” x My(S", S")..
Thus there is no analogue of Theorem 3 in ordinary homotopy theory.

—

1.

12.

13.

14.

15.
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