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We study the rational homotopy of function spaces within the con-
text of Quillen’s minimal models. Our method is to consider a spec-
tral sequence with E?Y = HI(X, Tp+q(Y) ® @) converging to the
rational homotopy groups of components of the based function space
M(X,Y),. Our results include calculations of rational homotopy
groups as well as general contributions to the rational classification
problem for components of function spaces.

1. An Exact Couple. Let M(X,Y) and M(X,Y), de-
note, respectively, the spaces of free and based continuous func-
tions between two spaces X and Y. As an overriding assumption,
all spaces are taken to be simply connected CW complexes. We
denote the path components corresponding toamap f: X — Y
by M;(X,Y) and M;(X,Y)..

The based Federer spectral sequence for amap f: X — Y
arises, like the original [1], from an exact couple of the form

A—Y L+ A
C

Suppose X comes equipped with a fixed CW decomposition so
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that for each ¢ > 1 there is a cofibration sequence

\/Sq—l L X1 X,
where X9 is the g-skeleton of X and h, is the wedge of the
attaching maps for the g-cells of X. Let f, : X9 — Y denote the
restriction of f and let W' =/, S971. We obtain a long exact
sequence on homotopy of which a portion is

94 q)*
T (Mo(WL,Y).) 25 7, (M, (X9, Y),) 25

mp(My, , (X771, Y).) 25, (Mo (W, Y)),
Set Apq = mp(My,(X9Y).), Cpg = mpra(Mo(W1Y),), and
let i = (pg)s, j = (hg)« and k = 9,. By adjointness, C,, =
B i1 (W (Y)) = CUX,mpe,(Y)), the reduced cellular g-
cochains of X. When X is a finite complex, by [6, Theorem
2.3] we may replace X by any rationally equivalent space with-
out affecting the rational homotopy of M;(X,Y),. In partic-
ular, we may assume X comes equipped with a minimal CW
decomposition with respect to its rational homotopy type. In
this case, for degree reasons there are no nontrivial coboundary
relations in the cellular cochain complex for X and so Cp, =

HIY(X,mp4q(Y)). Thus we have

Theorem 1.1 Let X be finite and f : X — Y a based map.
Then there is a spectral sequence with E? = HY(X, m,14(Y)®@)
converging to m,(Mp(X,Y),) Q. O

2. Null Components. We prove that the spectral se-
quence collapses on null components. The key lemma here is

Lemma 2.1 Let X have dimension n and suppose o € mp(X)
for m > n. Then X(«) is of finite order in mp41(X(X)).

Proof. Let f: S™ — X represent o and let T denote the map-
ping cone of f. Since X(T) >~ Txy it follows that X(7) admits a
minimal CW decomposition for which X f is the attaching map
for the top cell. But X(T}) is rationally equivalent to a wedge
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of spheres and so the Quillen minimal model for 3(7) has triv-
ial differential. By [3, Proposition 8.12] the differential in the
Quillen model of ¥(7%) is determined by the attaching maps in
a minimal CW decomposition. Thus Y f is rationally trivial. O

Theorem 2.2 Let X be a finite complex and Y any space. Then

Tg(Mo(X,Y)s) @Q = éﬁk_q(X, m(Y)®@ @) and

k=2

To(Mo(X,Y)) @@ = @ H" (X, m,(Y) ® Q).
k=2

Proof. Since m,(Mo(X,Y)) = m.(Mo(X,Y).)®7m.(Y), the second
line is a consequence of the first. For the first line, we note that
when f is trivial, the map j = (hy)« : Apg-1 — Cp_1,4 is given
by j(8)(0;) = B o XP(ay), for B € Ay g1 = [XP(X?71), Y], where
here the o; denote the g-cells of X and the o; € m,—1(X971)
denote the corresponding homotopy elements. Thus the rational
spectral sequence collapses by Lemma 2.1. O

The original Federer spectral sequence rarely collapses for
nontrivial components. In fact we have

Theorem 2.3 Given f : X — Y with either X finite or Y
rationally finite-dimensional, if there exists o € ,(X) ® @ and
B € mn(Y)® @ with [fa),Blw # 0 in Tpim-1(Y) ® @ then
My(XY) #q My(X, V).

Proof. By Theorem 2.2 (or [5, Lemma 3.2 | when Y is finite-
dimensional) it suffices to show that 5 & p. (7, (M;(X,Y)) @ @)
where p : Mp(X,Y) — Y is the evaluation fibration. Let Yj
denote the rationalization of Y. Then M;(X,Y’) is (weakly) ra-
tionally equivalent to My (X, Yp). If B € pu(mn(Ms(X,Y)) ® @)
then there exists a map F : S x X — Y, with F(s,*) = g(s)
and F(x,x) = f(x) where g : S™ — Y{ represents 3. Let
h : S" — X represent a and define H : 5™ x S™ — Y by
H(s,t) = F(s,h(t)). Note that H extends gV (foh) : S™\ S" —
Yy. Thus [fi(@), B]w = 0 in m,1m-1(Ys) contradicting our hypoth-
esis. O
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3. The First Differentials. Suppose X has a minimal ra-
tional CW decomposition with first nontrivial attaching maps in
degree m+ 1. Let W™ Iy xm X"+ be the corresponding
cofibration sequence with W™ = V;_; S™ and X™ = 3»:1 S
where each n; < m. The first potentially nonzero differentials
for f: X — Y are then the dunn;41) : Cpn; — Cpo1,m41 for
j=1,...,t. Let aq,..., 5 € mp,(X™) be the homotopy classes
represented by h,, and let ay, ..., a5 € 1,(X™) ® @ be the cor-
responding rational homotopy classes. Let z € m,(S?) ® @ and
Yj € T, (S™) ®@ @ for j = 1,...,t be nontrivial elements. By
Hilton’s Theorem, each a; is decomposable into Whitehead prod-
ucts involving the y;. Use the Jacobi identity in the Whitehead
algebra m,(SPV X™) ® @ to write

t
(1) [z, ailw = Z T Yilw, Gijlw

7=1
for each 7 and some g;; € Wm_n].Jrl(Xm) ® @. Recalling that
Cpm; = C™(X, pin, (Y0)), given by € mpp,,;(Yo) write b} for the
cochain which takes the value b; on the cell corresponding to
S™ and vanishes on the other cells of X. With this notation we
prove

Theorem 3.1 The differentials
d(m—”j"‘l) Yol (X> Tp+n; (Yb)) - 6m+1(X> 7TP+m(YE)))
are given, for 7 =1,...,t, by

d(m—nj—l-l)(b;)(ai) = [bj, [+(ij)]w,
where o1, ...,0s are the m + 1-cells of X.

Proof. If a € m,(X) ® @ then @ will denote a representative in
the Quillen model (Lx,dx) of X for the corresponding element
of m,-1(2X) @ @. If V is a graded vector space then F(V') will
denote the free graded Lie algebra generated by V. The differ-
ential d(m_n]._H) = (m)* o ((pm)xo---0 (pn].+1)*)_1 o an].. The
proof consists in unravelling this composition.
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Write the Quillen model for SP x X, as
(LspxXms Osrxx,) = (F(R(T) & Vi) & 8" (Vim))); Osprxx,n)

where V{,,) is the graded vector space generated by the ele-
ments 7; and sP(V(,,,)) is the pth suspension of V(,,). The differ-
ential Jgrx x,, vanishes on T and V{,,,y and is given on s?(V(,,,)) as
Osvsx0, ((7,)) = [7,7,)- The element ((p)s 0+ (pny41).) o
On;(b5) € Apm is represented by the map Fy, : S x X™ — Y;
given on Quillen models by (F,,)«(T) = 0, (F)«(T;) = (fin)«(T;)
and (Fn).(s"(7;)) = 0i; - b.

Note that F,, o (1 X hy,) : SP X W™ — Yj is null on the sub-
space SP\/ W™ and so induces G : ¥P(W™) — Y;. The element
Am—n;+1(07)(0:) € Tprm(Yo) is represented by the restriction of
G to the ith sphere of the wedge XP(W™) = \/;_, S™*P. Write
the Quillen model for SP x W™ as

(Lspsxwm, Osoxwm) = (F(Q(T) & Vine1 B " (Vin—1)), Osexwm)

where here V,,_; is concentrated in degree m — 1 and generated
by elements uy, for k = 1,. .., s. The Quillen model for X?(W™) is
just (F(s?(Vin-1)),0), the graded Lie algebra with trivial bound-
ary. Thus (Fp)« o (1 X (hm)s)(sP(@)) € (Ly,0y) is a Quillen
model representative for dm_nﬁl(b;)(m).

Now 1 x (hm)* : (Lspxwm, aspxwm) — (Lspxxm, aspxxm) sat-
isfies (hm,)«(u;) = @; and so

Osrxxm (1 X (han ) ) (87 (W) = (1 X (hn)s) (Do (87 (W)
= E_ x ](hm)*)([f> u))
S SR A

where in the last line we have have used (1) translated to Quillen
models with appropriate sign change. In the Quillen model for
SP X X™, Ogrxxm([sP(Y,), 94)) = [T, 7)), ul and, for degree rea-
sons, [s7(7;), g;] is the unique element with this property. Thus
the element dm_nﬁl(b;)(ai) € Tptm(Y0) is the homotopy class
represented in the Quillen model of Y by

t

<mm(sz“w¢@x%0=«4Wﬂ@mm»@m-

=1
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The result follows by converting back to Whitehead products. O

4. Consequences and Calculations. We deduce some
consequences of Theorem 3.1. The first is a version of Theorem
2.3 for based function spaces. Let att(X, ®) equal the dimension
of the first nontrivially attached cell in a minimal rational CW
decomposition for X. (We set att(X,®) = 0 if all attaching maps
of X are of finite order.) Also let P.(Y) = ker{ad, : m.(X) —
(Dery, )« (m(X))} the kernel of Whitehead adjoint representation.
We prove

Theorem 4.1 Let X be a finite complex with att(X,Q) > 0 and
Y a space with P,(Yy) =0 for n < att(X,@Q). If f : X — Y in-
duces an injection on rational homotopy through degree att( X, ®),
then My(X,Y ), #¢ Mo(X,Y)..

Proof. We show that the rational based Federer spectral se-
quence does not collapse for f. With notation as in §3, write
[.T,ai]w = Zz»:l[[a:,yj]w,gij]w, for some Ggij € 7Tm_n].+1(Xm) &®
@). Since, by hypothesis, a; # 0 for some ¢ we know g;; # 0
for some j. Since f induces an injection on rational homotopy
through degree att(X,®), f.(g;;) is nontrivial in 7.(Y) ® @,
as well. Since P,(Yp) vanishes for n < att(X,®) there exists
bj € m(Y) ®@ such that ad,(f.(gi;))(b;) # 0. Thus by Theorem

3.1, dinn;+1)(65)(0i) = [bj, fu(gij)]w # 0. O

Corollary 4.2 Let X be a finite complex with P,(Xo) = 0 for
n < att(X,@). Then the path components of M (X, X). are all
of the same rational homotopy type if and only if X is a rational
co-H -space. O

We remark that the hypotheses of Theorem 4.1 and Corollay
4.2 are not superfluous. For example, one proves directly that
the components of M (C'P",C'P™), are all rationally equivalent.

Theorem 3.1 offers a practical method for computing ratio-
nal homotopy groups of nontrivial components. To illustrate, we
calculate the rational homotopy groups of the space M(X,Y),
when X is a formal space of rational L.S. category two. By
the main result of [2], X then occurs as the cofibre of a ra-
tionally nontrivial map h : Wy — Wy where Wy = \;_; S™ and
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Wy = Vi, 5. Write PH,(X) for the primitive reduced rational

homology of X and let P°H,(X) denote a vector space comple-
ment in H,(X,®). Then PH,(X) = H,(W;) and P°H,(X)
s(ﬁ*(WO, ®)). Let y; € m.(S™) @ @ be nonzero elements and let
c1,...,¢ be the corresponding basis for PH, (X). IfA: X —
X x X is the diagonal map, given ¢ € P°H, (X,®) we can write
Au(c) =1®c+ce® 1+, qin(c; ®cr + (—1)"" ¢, @ ¢;), where
¢k € @ and gji = (—1)""™qy;. Given f : X — Y define

D(f), : Hom(PH,(X), mpw(Yo)) — Hom(P H,(X), Tppue1(Yo))

by setting D(f)p(b;)(g)v = (=1)PT 2 2gk[by, fo(yr)]w. Here,
as before, b7 € Hom(PH.(X,®), 71.(Yo)) denotes the map which
takes the value b; € mpin,(Yp) on ¢; and vanishes on the other
cx. We prove

Theorem 4.3 Let X be a finite formal complex of rational L.S.
category two. Let f: X — Y be a given map. Then

(M (X, Y).) @ @ = coker(D(f)p1) ® ker(D(f)p)-

Proof. We identify h, : m,( M, (Wi, Yo)s) — mp(Mo(Wo, o))
with D(f),. Since X is formal, [3, Proposition 8.8] implies the
Quillen model of X is given explicitly as Ly = F(s‘lﬁ* (X,®))
with dx(s7'(c)) = — k(=)™ qk[s ' (¢;), s (ck)]. Let ¢ €
P°H, (X, ®). By linearity, we may suppose that ¢ corresponds to
a nonzero element in m,, (S™) Q. If a; € m,,(W1) @@ represents
h|S™ then by [3, Proposition 8.12] a; = 32, ¢jk[y;, Yr)w- Let
x € my(SP) ® @ be nonzero and use the Jacobi identity to obtain

[ZE, ai]w = Zj,k[x> [yj>yk]w]w

= (=17 Xk @i (2 yiluwtlw + (= 1) [z, yidwyil)

Thus, in the notation of §3, g;; = (—1)?™ 34 _, 2¢;xyx and so

(R)«(83) = (=1)"*" > 2q51[bs, fu(yn)lw = D(f)p(b7). O

k=1
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Example 4.4. (a) Given f : CP? — Y, we determine the ra-
tional homotopy groups of M;(C'P?Y).. Let 1 € ma(C'P?) be
nontrivial. By Theorem 4.3 we have

mo(Mp(CP2Y)) © Q= coker{ad,, fu(12) : T (Y) = mpra(Y))

@ ker{ad,f.(12) : 7(Y0) = mpia(Y)).

(b) Next let f: 8™ x S™ — Y and let t,, € 1, (S™) and ¢, €
m(S™) be nontrivial. Here Theorem 4.3 implies

mp(My(S™ x ")) © 0 =
COker{adwf*(Ln) + adwf*(bm) * Tp+m+1 (YE)) ¥ Tp4+n+1 (YE)) - 7Tp+m+n(YE))}

& kerfady f.(tn) + adufe(tm) : Tpim(Y0) & Tpin (Y0) = Tpemins (¥o) ).
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