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Abstra ct. For simply connected CW complexes X with �nitely many, �nitely
generated homotop y groups1, the path components of the function spaceM (X ; X )
of free self-maps of X are all of the same rational homotop y typ e if and only if
all the k-invarian ts of X are of �nite order. In caseX is rationally a two-stage
Postnik ov system the space M 0(X ; X ) of inessential self-maps of X has the
structure of rational H -space if and only if the k-invarian ts of X are of �nite
order.

1. In tro duction. Given spacesX and Y let M (X ; Y) denote the space of

free, contin uous maps from X to Y with the compact-open topology. Given a

map f : X ! Y; we let M f (X ; Y) denote the component of f in M (X ; Y): In

particular, we denote by M 0(X ; Y) the spaceof inessential maps from X to Y and

by M 1(X ; X ) the spaceof self-mapsof X which are homotopic to the identit y. If X

and Y are spaceswith basepoints then we havethe subspaceM (X ; Y) � of M (X ; Y)

consisting of all basedmaps betweenX and Y: Given a basedmap f : X ! Y; we

write M f (X ; Y) � for the component of f in M (X ; Y) � :

In his 1956paper [20], R. Thom used a Postnikov decomposition of Y to show

that the homotopy groups of M (X ; Y) are determined up to a seriesof group ex-

tensions involving the cohomology of X with coe�cien ts in the homotopy of Y .

To illustrate his technique, Thom computed the rational homotopy groups of cer-

tain function spaces. He also showed how by analyzing the evaluation map it
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1Here and throughout, this hyp othesis may be replaced with the assumption that X is a

simply connected �nite CW complex with �nite-dimensio nal rational homotop y. See the remark
after Prop osition 2.1 below.
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is possible, in certain cases,to determine the rational homotopy type of compo-

nents of M (X ; Y ): While predating by many years Sullivan's development of the

theory of minimal models, Thom's work established the techniques for studying

function spaceswithin the framework of rational homotopy theory. In [7], Hae
iger

completed a program initiated by Sullivan [18] with the construction of a rational

homotopy-theoretic model for the spaceof sectionsof a nilp otent bundle. The con-

struction embodied the two aspects of Thom's approach to the study of function

spaces{ Hae
iger and Sullivan's algebraic model mirrored Thom's geometric use

of Postnikov decompositions and, as Thom's work suggested,a key element of the

construction was the algebraic characterization of the relevant evaluation maps.

In this paper we apply Thom's methods within the context of Sullivan's minimal

models to study the rational homotopy types represented by the components of

function spaces.

A basicproblem concerningthe function spaceM (X ; Y) is to classify its compo-

nents up to homotopy type. In caseX is an n-manifold and Y an n-sphere,Hansen

[8] classi�es the components in terms of the degreeof the map from X to Y. M�ller

obtains an analogousclassi�cation theorem in [14] when X and Y are taken to be

complex projective spaces. If Y is an H -spacewith homotopy inverses,it is easy

to show that the components of M (X ; Y) represent one homotopy type. Our �rst

main result states that when X = Y the assumption that X is a rational H -space

is necessaryto ensure the components of M (X ; X ) are of one rational homotopy

type. We prove
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Theorem 1. If X is a simply connected complexwith �nitely many, �nitely gener-

ated homotopygroups, the path componentsof M (X ; X ) are all of the samerational

homotopy type if and only if the k-invariants of X are all of �nite order.

The proof of Theorem 1 is computational; we use rational Postnikov towers to-

gether with Thom's method for calculating homotopy groups of function spaces,

which we recall in x3. In fact, the key lemma (Lemma 3.2) is the calculation of the

rational homotopy groups of the spaceM 0(X ; Y) for X and Y simply connected

spacesof �nite homotopy type. Our computational method also permits the deter-

mination of the rational homotopy type of the spaceM 1(X ; X ) for certain spaces

X ; which hasimplications for the theory of classifying�brations (seex5). As an ex-

ample we determine the rational homotopy type of M 1(X ; X ) when X is a product

of spheres( Theorem 2).

If X is an H -spacethen multiplication of mapsgivesthe spacesM 0(X ; X ) � and

M 0(X ; X ) the structure of H -spacealso. In Lemma 6.1,we provethat if X is a two-

stage Postnikov system, then the spaceof based inessential maps M 0(X ; X ) � has

the structure of H -spaceregardlessof whether or not X does. This fact contrasts

sharply with the situation for the spaceof free inessential maps. In fact, our second

main result implies that if X is rationally a two-stagePostnikov system, then the

assumption that X is a rational H -spaceis necessaryto ensurethat M 0(X ; X ) has

the structure of rational H -space.We prove

Theorem 3. Let X be a simply connected complex with �nitely many, �nitely

generated homotopy groups whoserationalization is a two-stagePostnikov system.

Then there is a rational equivalence

M 0(X ; X ) ' Q X � M 0(X ; X ) � :
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The proof of Theorem3 consistsin constructing the minimal model for M 0(X ; X ):

To accomplishthis we usethe Hirsch Lemma [4, Lemma 3.1]and the algebraicchar-

acterization of certain evaluation mapsgiven by Hae
iger [7], which we recall in x7.

Our proof follows the approach taken by M�ller and Raussenin [15]. We remark

that sinceM 1(X ; X ) always hasthe structure of H -space,with multiplication given

by composition of maps, Theorem 3 can be viewed as a re�nement of Theorem 1

for two-stagePostnikov systems.

This paper represents a portion of the author's Ph.D. thesis. The author would

like to thank his thesis advisor, Professor Donald Kahn, for his assistanceand

encouragement during the preparation of this work.

2. Preliminaries . In this sectionwe recall results and establishnotation for use

in the sequel.We begin with a result on

Function Spaces and Rationalization. The spaceM (X ; Y ) does not, in general,

have the homotopy type of a CW complex. (For an example of this failure, see

[13, page 273].) Since we wish to consider the rationalization of components of

M (X ; Y); we must restrict the spacesX and Y under consideration so that the

components of M (X ; Y) are nilp otent CW complexes. The following proposition

provides us with a suitable classof spaceswith which to work:

Prop osition 2.1. Let X and Y be simply connected countableCW complexeswith

either

a) X a �nite complex or

b) X having�nitely generated homotopygroupsand Y having �nitely many,

�nitely generated homotopygroups.
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Then each component M f (X ; Y ) of M (X ; Y) is a nilpotent CW complex. More-

over, if e : Y ! Y0 is the rationalization of Y; then the induced map e : M f (X ; Y) !

M e� f (X ; Y0) obtained by composition with e, is the rationalization of M f (X ; Y ): The

analogousresult holds on based mapping spaces.

Proof. When X is a �nite complex, Milnor [13] shows that M f (X ; Y) has the ho-

motopy type of a (countable) complex. The result on the nilp otenceand the ratio-

nalization of M f (X ; Y) in this caseis [10, Theorem 2.5]. In Caseb the fact that

M f (X ; Y) has the homotopy type of a complex is due to P. Kahn [12]. For nilp o-

tence, we observe that the proof of [11, Theorem A] goes through if Y is a �nite

Postnikov piece (as opposed to being homologically �nite). Similarly , the result

on the rationalization of M f (X ; Y ) in Caseb can be deducedfrom [11, Theorem

B].

In view of the proposition, we state our results in terms of simply connected

complexeswith �nitely many, �nitely generated homotopy groups. We remark,

however, that we could work equally well with simply connected�nite complexes

X with �nite-dimensional rational homotopy (i.e.
P

n � 2 dimQ� n (X ) 
 Q < 1 ).

concernTheorem 3)

Minimal Models. We next establishnotation for working with di�eren tial graded

algebras(DGAs) and Sullivan's theory of minimal models. Our referencesfor ra-

tional homotopy theory are [2, 4, 18, 19].

By a DGA, (A � ; d); we mean a connectedcommutativ e graded algebra A � over

Q together with an algebra derivation d of degreeone whosesquareis zero. Given

a rational vector spaceV; we denote by � n (V ) the free graded algebra generated

in degreen > 0 by the elements of V . Alternately , if x1; � � � ; x l are a basis for V
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we may write � n (x1; � � � ; x l ) for � n (V ): A graded algebra B� is free if B� may be

written in the form B� =
N 1

n =1 � n (Vn ): In this case,we will write Vectn (B� ) = Vn

for the vector spaceof degreen generatorsof B� :

A DGA (B� ; d) is minimal if B� is free as graded algebra, B� =
N 1

n =1 � n (Vn );

where the graded vector space� 1
n =1 Vn admits a well-ordered, homogeneousbasis

x � such that dx � is a polynomial without linear term in the x � with � < �: In

particular, if B� is free and simply connectedthen (B� ; d) is minimal if and only if

the image of d is contained in the decomposablesof B� :

If (A � ; d) is a DGA and B� is a free gradedalgebragiven as above, then we may

form a new DGA (C� ; d0), which we denote by C� = A � 
 d0 B� , where, as graded

algebra, C� = A � 
 B� ; and where the di�eren tial d0 is de�ned by d0jA � = d; while

d0 on B� is somedegreeonederivation from B� to the cocyclesof (A � ; d): Note that

de�ning d0 is equivalent to de�ning linear maps d0 : Vn ! H n +1 (A � ; d):

If X is a nilp otent CW complex, then we have the de Rham-Sullivan DGA

(
 � (X ); � X ) which has the property that H (
 � (X ); � X ) �= H � (X ; Q) by an iso-

morphism which is induced by a chain map to the rational cochains of X . We

say (A � (X ); dX ) is a model for X if there is a chain map from (A � (X ); dX ) to the

de Rham-Sullivan DGA which induces an isomorphism on cohomology. A model

(A � (X ); dX ) is a minimal model for X if (A � (X ); dX ) is a minimal DGA. Sullivan

[18] proves the existenceand uniqueness(up to DGA isomorphism) of a minimal

model for X as hypothesized. He shows, moreover, that the minimal model of X

is, in fact, a unique invariant of the rational homotopy type of X : We will write

(M � (X ); dX ) for the minimal model of X .
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3. Results of Thom and a Calculation. We begin this section by recalling

results of Thom in [20]. Let G be any abelian group and n � 1: Then, for any

complex X ; Thom observes that the components of M (X ; K (G; n)) represent a

singlehomotopy type. SinceK (G; n) hasthe structure of abelian topological group

so does M 0(X ; K (G; n)) : Therefore, M 0(X ; K (G; n)) has the homotopy type of a

product of Eilenberg-Maclanespaces.Thom constructs an isomorphism

� p(M 0(X ; K (G; n))) �= H n � p(X ; G);(3.1)

which is de�ned as follows. Given � 2 � p(M 0(X ; K (G; n))) ; by the exponential

law � is represented by a map F : Sp � X ! K (G; n) with Fj�� X = � : Let

�n 2 H n (K (G; n); G) be the fundamental class. Then, since F j�� X = � ; we may

write F � (�n ) = sp 
 an � p 2 H n (Sp � X ; G) for somean � p 2 H n � p(X ; G) where

sp 2 H p(Sp ; Z) is a �xed generator. The isomorphism sends� to an � p:

Given a �bration q : E ! B and any map f : X ! E ; we have a �bration

q : M f (X ; E) ! M q� f (X ; B); where q is the map de�ned by composition with

q. Thom arguesthat if q is a principal �bration with �bre F = K (G; n); then a

component of the �bre of q may be identi�ed asM 0(X ; K (G; n)) : Thus for principal

�brations K (G; n) ,! E
q

! B we have a �bre sequenceon free mapping spacesof

the form

M 0(X ; K (G; n)) ! M f (X ; E)
q

! M q� f (X ; B):

Corresponding to this �bre sequencewe have a long exact sequenceon homotopy

of the form

� � � ! � p(M f (X ; E)) ! � p(M q� f (X ; B))
@
! � p� 1(M 0(X ; K (G; n))) ! � � � :
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As regardsthe boundary homomorphism@in this sequence,Thom givesthe follow-

ing characterization which takesinto account the identi�cation of � p� 1(M 0(X ; K (G; n)))

with H n +1 � p(X ; G):

Let kn +1 2 H n +1 (B ; G) be the k-invariant for the principal �bration K (G; n) ,!

E
q

! B : Then, given F : Sp � X ! B with Fj�� X = q � f representing � 2

� p(M q� f (X ; B)) ; we have that F � (kn +1 ) 2 H n +1 (Sp � X ; G) and, as such, we may

write

F � (kn +1 ) = sp 
 an +1 � p + 1 
 an +1 :

However, sinceFj�� X admits a lifting to E we seethat (F j�� X )� (kn +1 ) = 0 so that

actually

F � (kn +1 ) = sp 
 an +1 � p 2 H n +1 (Sp � X ; G);

for somean +1 � p 2 H n +1 � p(X ; G): Thom arguesthat the imageof � 2 � p(M q� f (X ; B))

under the boundary homomorphism

@: � p(M q� f (X ; B) ! � p� 1(M 0(X ; K (G; n))) �= H n +1 � p(X ; G)

identi�ed in H n +1 � p(X ; G) is the cohomologyclassan +1 � p: We use these results

to prove

Lemma 3.2. Let X and Y be simply connected complexes with �nitely many,

�nitely generated homotopy groups. Let Vn = � n (Y ) 
 Q; n > 1: Choose N such

that Vn = 0 for n > N: Then, the rational homotopy groups of the free mapping

space M 0(X ; Y) are given, for p > 0, by

� p(M 0(X ; Y)) 
 Q �=
NM

n =2

H n � p(X ; Vn ):

Proof. Let Yn ; n = 2; : : : ; N ; be the terms in the Postnikov decomposition of the

rationalization Y0 of Y. Then for each n = 3; : : : ; N ; we have a principal �bration
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pn : Yn ! Yn � 1 with �bre K (Vn ; n); and we may assumethat YN = Y0: By the

above, we have �bre sequences

M 0(X ; K (Vn ; n)) ! M 0(X ; Yn )
pn

� ! M 0(X ; Yn � 1):

Our method will be to show that, for each such �bre sequence,the boundary ho-

momorphism

@: � p(M 0(X ; Yn � 1)) ! � p� 1(M 0(X ; K (Vn ; n)))

is zero for all p > 0:

Before proving this fact let us observe that it implies the result. By Proposi-

tion 2.1 and our assumptionson X and Y; we have, regarding the rationalization

(M 0(X ; Y))0 of M 0(X ; Y), that

(M 0(X ; Y))0 ' M 0(X ; Y0) = M 0(X ; YN ):

If all boundary homomorphisms vanish, as will be shown, then, from the exact

homotopy sequencescorresponding to the above �brations, we seeinductiv ely that

� p(M 0(X ; Y)) 
 Q = � p(M 0(X ; YN ))

�= � p(M 0(X ; YN � 1)) � � p(M 0(X ; K (VN ; N )))

�= � p(M 0(X ; YN � 2)) � � p(M 0(X ; K (VN � 1 ; N � 1))) � � p(M 0(X ; K (VN ; N )))

�= � � � �=
NM

n =2

� p(M 0(X ; K (Vn ; n))) :

To recover the statement of the lemma, we useThom's result (3.1) that

� p(M 0(X ; K (Vn ; n))) �= H n � p(X ; Vn ):

To show the boundary homomorphism

@: � p(M 0(X ; Yn � 1)) ! � p� 1(M 0(X ; K (Vn ; n)))

is zero we usethe characterization given it by Thom, recalled above.
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Let � 2 � p(M 0(X ; Yn � 1)) : ChooseF : Sp � X ! Yn � 1 with Fj�� X = � repre-

senting �: Let kn +1 2 H n +1 (Yn � 1; Vn ) be the k-invariant of the principal �bration

K (Vn ; n) ,! Yn
pn! Yn � 1: Then we have that @(� ) 2 � p� 1(M 0(X ; K (Vn ; n))) is

identi�ed as an +1 � p 2 H n +1 � p(X ; Vn ) where

F � (kn +1 ) = sp 
 an +1 � p 2 H n +1 (Sp � X ; Vn ):

To show @(� ) = 0 then it su�ces to show F � : H n +1 (Yn � 1; Q) ! H n +1 (Sp � X ; Q)

is zero. We prove the latter fact by consideringthe DGA map

M � (F ) : (M � (Yn � 1); dYn � 1 ) ! (M � (Sp � X ); dSp � X )

induced on minimal models by F : Sp � X ! Yn � 1:

By the K•unneth formula for minimal models [19, page75] the minimal model of

Sp � X is given as

(M � (Sp � X ); dSp � X ) �= (M � (Sp) 
 M � (X ); dSp 
 dX ):

Recall that (M � (Sp); dSp ) is given by

(M � (Sp); dSp ) =

(
� p(xp); dSp = 0; for p odd,
� p(xp) 
 dS p � 2p� 1(y2p� 1); dSp (y2p� 1) = x2

p for p even.

Thus for p odd or even, M � (Sp � X ) decomposesas graded vector spacein the

form

M � (Sp � X ) =
�
1 
 M � (X )

� M �
xp 
 M � (X )

� M � M

i 6=0 ;p

M i (Sp ) 
 M � (X )
�
;

(3.3)

where we write M i (Sp) for the elements of degree i in M � (Sp): Put

A � =
L

i 6=0 ;p M i (Sp) 
 M � (X ); and observe that A � is, in fact, a sub-DGA (albeit

without unit) of M � (Sp � X ): We denote the restriction of dSp � X to A � by dA :

SinceYn � 1 is simply connectedand n-coconnected(i.e. � q(Yn � 1) = 0 for q � n

) by the Sullivan isomorphism[2, page65], the minimal model for Yn � 1 is generated

by elements of
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degree< n: Thus M n +1 (Yn � 1) is additiv ely generatedby decomposableelements.

Let

zn +1 2 M n +1 (Yn � 1) be of the form zn +1 =
Q

i zi where zi 2 M r i (Yn � 1) and

0 < r i < n: Then

M � (F )(zn +1 ) = M � (F )
� Y

i

zi
�

=
Y

i

M � (F )(zi ) 2 M n +1 (Sp � X ):

Using (3.3) we may write M � (F )(zi ) in the form

M � (F )(zi ) = 1 
 ai + xp 
 bi + Ci

where ai 2 M r i (X ); bi 2 M r i � p(X ); and Ci 2 A r i : But now, since Fj�� X = � ;

we seethat each ai = 0: We concludethat actually

M � (F )(zn +1 ) =
Y

i

M � (F )(zi ) =
Y

i

(xp 
 bi + Ci ) 2 A n +1 :

Since M n +1 (Yn � 1) is additiv ely generatedby such decomposableszn +1 ; we have

shown that M � (F ) maps M n +1 (Yn � 1) into A n +1 :

Now, since H i (Sp ; Q) = 0 for i 6= 0; p, the DGA (A � ; dA ) is, by its de�nition,

acyclic; i.e. H � (A � ; dA ) = 0: As a result of the precedingparagraph then, the map

induced by M � (F ) on degreen + 1 cohomology is zero. Finally , recall that the

map induced by M � (F ) on degreen + 1 cohomologyis just F � : H n +1 (Yn � 1; Q) !

H n +1 (Sp � X ; Q); and the proof is complete.

Remark. Lemma 3.2 assertsthat the di�eren tials in the Federer spectral se-

quence[6] E 2
ij = H � i (X ; � j (Y )) ) � i + j (M 0(X ; Y)) have �nite order. The referee

has pointed out that this fact is well-known and easyto prove when X and Y are

spectra and the spectral sequenceis the Atiy ah-Hirzebruch spectral sequence.
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4. Pro of of Theorem 1. The proof of Theorem 1 consists in comparing the

rational homotopy groups of M 0(X ; X ) with thoseof M 1(X ; X ): In preparation for

the proof, we follow Thom's approach to obtain a characterization (Lemma 4.4)

of the boundary homomorphisms in the long exact homotopy sequenceof certain

mapping space�brations.

For l = 2; : : : ; n + 1; let Vl be a rational vector spaceand let X n =
Q n

l=2 K (Vl ; l ):

Let K (Vn +1 ; n + 1) ,! X n +1
pn +1� ! X n be a principal �bration with classifying map

kn +2 : X n ! K (Vn +1 ; n + 2): Given a spaceX and any map f n +1 : X ! X n +1 let

f n = pn +1 � f n +1 : X ! X n : We seekto characterizethe boundary homomorphisms

@: � p(M f n (X ; X n )) ! � p� 1(M 0(X ; K (Vn +1 ; n + 1)))(4.1)

of the long exact sequenceon homotopy corresponding to the �bre sequence

M 0(X ; K (Vn +1 ; n + 1)) ! M f n +1 (X ; X n +1 ) ! M f n (X ; X n ):

SinceX n is a product of Eilenberg-Maclanespaces,from Thom's result (3.1) we

have

� p(M f n (X ; X n )) �=
nO

l =2

H l � p(X ; Vl ) �=
nO

l =2

H l � p(X ; Q) 
 V �
l ;(4.2)

whereV �
l = Hom(Vl ; Q): Similarly , � p� 1(M 0(X ; K (Vn +1 ; n+1))) �= H n � p+2 (X ; Q)


V �
n +1 : Using theseidenti�cations, we view @in (4.1) as a map

@:
nO

l =2

H l � p(X ; Q) 
 V �
l ! H n � p+2 (X ; Q) 
 V �

n +1 :(4.3)

Let dl = dimQV �
l ; l = 2; : : : ; n + 1; and let x il ; i = 1; : : : ; dl ; be a ba-

sis for V �
l : Now kn +2 induces a linear map k �

n +2 : V �
n +1 ! H n +2 (X n ; Q) on ra-

tional cohomology. Observe that H � (X n ; Q) is the free graded algebra given by

H � (X n ; Q) =
N n

l=2 � l (V �
l ): Thus the elements of H n +2 (X n ; Q) may be viewed as

polynomials in the variablesx il ; 2 � l � n: Let pj = k �
n +2 (x j;n +1 ) 2 H n +2 (X n ; Q)
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be the corresponding polynomials in x il ; 2 � l � n: Then, regarding @in (4.3), we

have

Lemma 4.4. Given al 0 � p 2 H l 0 � p(X ; Q) with 2 � l0 � n;

@(al 0 � p 
 x i 0 l 0 ) =
dn +1X

j =1

al 0 � p � f �
n

�
@pj

@x i 0 l 0

�

 x j;n +1 2 H n � p+2 (X ; Q) 
 V �

n +1 ;

for 1 � i 0 � dl 0 :

Proof. Let pl : X n ! K (Vl ; l ) be the projection onto the l th factor of X n ; l = 2; : : : n:

De�ne F : Sp � X ! X n by requiring that

(pl � F ) � (x il ) =

(
1 
 x i 0 l 0 + sp 
 al 0 � p 2 H l 0 (Sp � X ; Q) for i = i 0; l = l0
1 
 x il 2 H l (Sp � X ; Q) otherwise,

where sp 2 H p(Sp ; Z) is a �xed generator,and x il = f �
n (x il ) 2 H l (X ; Q): We claim

that F represents an element � 2 � p(M f n (X ; X n )). To seethis, let i 2 : X ! Sp � X

be the inclusion i 2(x) = (� ; x): Observe that for each x il ;

(F � i 2)� (x il ) = i �
2(F � (x il )) = i �

2(1 
 x il + �s p 
 al 0 � p) = x il = f �
n (x il );

where � is either one or zero according to whether or not (i; l ) = (i 0; l0): It follows

that Fj�� X ' f n : X ! X n ; which implies the claim. It is easyto check that this

� 2 � p(M f n (X ; X n )) corresponds to al 0 � p 
 x i 0 l 0 2 H l 0 � p(X ; Q) 
 V �
l 0

under the

identi�cation (4.2).

According to Thom's characterization of the boundary homomorphism (x3), to

prove the lemma we must show that for 1 � j � dn +1 ;

F � � k �
n +2 (x j;n +1 ) = sp 
 al 0 � p � f �

n

�
@pj

@x i 0 l 0

�
2 H n +2 (X ; Q);

where we recall that pj = k �
n +2 (x j;n +1 ) 2 H n +2 (X ; Q) is a polynomial in the

x il ; 2 � l � n:
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Write pj in the form

pj = (x i 0 l 0 )n 1 m1 + � � � + (x i 0 l 0 )n t mt + p0
j ;

where p0
j is a polynomial and the mk are monomials which do not involve the

variable x i 0 l 0 : Using the fact that s2
p = 0; we compute

F � � k �
n +2 (x j;n +1 ) = F � (pj )

= F � �
(x i 0 l 0 )n 1 m1 + � � � + (x i 0 l 0 )n t mt + p0

j

�

=
�
1 
 x i 0 l 0 + sp 
 al 0 � p

� n 1 (1 
 f �
n (m1)) + � � �

+
�
1 
 x i 0 l 0 + sp 
 al 0 � p

� n t (1 
 f �
n (mt )) + 1 
 f �

n (p0
j )

= n1
�
sp 
 al 0 � p(x i 0 l 0 )n 1 � 1f �

n (m1)
�

+ � � � + nt
�
sp 
 al 0 � p(x i 0 l 0 )n t � 1f �

n (mt )
�

+ 1 
 (x i 0 l 0 )n 1 f �
n (m1) + � � � + 1 
 (x i 0 l 0 )n t f �

n (mt ) + 1 
 f �
n (p0

j )

= sp 
 al 0 � p � f �
n

�
@pj

@x i 0 l 0

�
+ 1 
 f �

n (pj )

= sp 
 al 0 � p � f �
n

�
@pj

@x i 0 l 0

�
:

(Note : f �
n (pj ) = (kn +2 � f n )� (x j;n +1 ) = 0 sincekn +2 � f n ' � :)

We are now prepared to prove

Theorem 1. Let X be a simply connected CW complexwith �nitely many, �nitely

generated homotopygroups. Then, the components of M (X ; X ) are all of the same

rational homotopy type if and only if all the k-invariants of X are of �nite order.

Proof. If the k-invariants of X are all of �nite order, then the rationalization X 0

of X is a product of (rational) Eilenberg-Maclanespaces{ a �nite product since

X has �nite-dimensional rational homotopy. Thus X 0 has the homotopy type of

an abelian topological group and so the components of M (X ; X 0) are of the same

homotopy type. Su�ciency now follows easily from the fact that, by Proposition
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2.1, given any f : X ! X the map

e : M f (X ; X ) ! M e� f (X ; X 0)

is the rationalization of M f (X ; X ); where e : X ! X 0 is the rationalization of X .

To prove necessity we show that if such a complex X has an in�nite order k-

invariant, then the rational homotopy groups of M 1(X ; X ) are not isomorphic to

those of M 0(X ; X ):

Suppose X is as in the hypothesis and has an in�nite order k-invariant. Let

f X n g1
n =2 be the spacesin the Postnikov decomposition of the rationalization X 0 of

X : SinceX has �nite-dimensional rational homotopy, we may supposethat X N =

X 0 for someN >> 0: We are given principal �brations pn : X n ! X n � 1 with �bre

K (Vn ; n); where Vn = � n (X ) 
 Q and

n-equivalencesf n : X 0 ! X n with pn � f n = f n � 1: We take f N : X 0 ! X N = X 0

to be the identit y.

Let f : X ! X be any map. For each n we have the �bre sequence

M 0(X ; K (Vn ; n)) ! M f n � e� f (X ; X n )
pn

� ! M f n � 1 � e� f (X ; X n � 1):

Thus, for each p > 0; corresponding to the above �bre sequencewe have the exact

sequence

� p(M 0(X ; K (Vn ; n))) ! � p(M f n � e� f (X ; X n ))
(pn ) �
� ! � p(M f n � 1 � e� f (X ; X n � 1)) :

Now X 2 = K (V2; 2) and

M f N � e� f (X ; X N ) = M e� f (X ; X 0) ' (M f (X ; X ))0 :

Since,by the above sequence,

dimQ� p(M f n � e� f (X ; X n )) � dimQ� p(M 0(X ; K (Vn ; n)))+dim Q� p(M f n � 1 � e� f (X ; X n � 1)) ;
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and since � p(M 0(X ; K (Vn ; n))) �= H n � p(X ; Vn ); we seeby an easyinduction that,

for p > 0;

dimQ� p(M f (X ; X )) 
 Q �
NX

n =2

dimQH n � p(X ; Vn ):(4.5)

In Lemma 3.2 we showed that, if f : X ! X is taken to be the constant map,

then the inequality (4.5) is actually an equality for all p > 0: To prove the theorem,

we take f : X ! X to be the identit y and show that there exists p > 0 for which

the inequality (4.5) is strict. To show this, it su�ces to prove that, for somep > 0

and somen in the range 2 � n � N; the boundary homomorphism

@: � p(M f n � e(X ; X n )) ! � p� 1(M 0(X ; K (Vn +1 ; n + 1))) ;

corresponding to the exact sequenceon homotopy of the �bration

M 0(X ; K (Vn +1 ; n + 1)) ! M f n +1 � e(X ; X n +1 )
pn +1

� ! M f n � e(X ; X n )

(i.e the �bration in the casewhere f = 1X ) is nontrivial.

We are assuming that some k-invariant of X is of in�nite order. It follows

from this that the corresponding k-invariant of X 0 is nontrivial. Supposekn +2 2

H n +2 (X n ; Vn +1 ) is the �rst nontrivial k-invariant of X 0: Then X n is a product of

rational Eilenberg-Maclanespaces;in fact, X n =
Q n

l=2 K (Vl ; l ): With the notation

of Lemma 4.4, since k �
n +2 : V �

n +1 ! H n +2 (X n ; Q) is nontrivial we may choose

x j 0 ;n +1 2 V �
n +1 such that pj 0 = k �

n +2 (x j 0 ;n +1 ) 2 H n +2 (X n ; Q) is a nonzeropolyno-

mial in the variablesx il ; 2 � l � n: Let x i 0 l 0 be a variable appearing in pj 0 : Then,

according to Lemma 4.4, the boundary homomorphism

@: � l 0 (M f n � e(X ; X n )) ! � l 0 � 1(M 0(X ; K (Vn +1 ; n + 1)))

with identi�cations as in (4.3), is given on 1 
 x i 0 l 0 2 H 0(X ; Q) 
 V �
l 0

by

@(1 
 x i 0 l 0 ) =
dn +1X

j =1

(f n � e) �
�

@pj

@x i 0 l 0

�

 x j;n +1 2 H n � l 0 +2 (X ; Q):
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Sincepj 0 2 H n +2 (X n ; Q) involvesthe the variable x i 0 l 0 ; certainly
@pj 0

@x i 0 l 0
is nonzero

in H n � l 0 +2 (X n ; Q): Since f n is an n-equivalenceand e is a rational equivalence,

(f n � e) �
�

@pj 0
@x i 0 l 0

�
is nonzero in H n � l 0 +2 (X ; Q): Thus @: � l 0 (M f n � e(X ; X n )) !

� l 0 � 1(M 0(X ; K (Vn +1 ; n + 1))) is nontrivial.

5. The Rational Homotop y of M 1 (X ; X ). The spaceM 1(X ; X ); often written

G1(X ); is an H -spacewith multiplication de�ned by composition of maps. Its

classifying spaceBG1 (X ) (see [5]), is the universal cover of the classifying space,

BG(X ) ; for Hurewicz �brations with �bre the homotopy type of X , as constructed

by Stashe� [17] and Allaud [1]. Determining the rational homotopy type of BG1 (X )

is an important and, in general, di�cult problem. (See [18, pgs 313-14] for a

description of the Quillen minimal model of BG1 (X ) and [21] for an application

of this model.) On the other hand, since M 1(X ; X ) is an H -space it has the

rational homotopy type of a product of rational Eilenberg-Maclanespaces. Thus

determining the rational homotopy type of M 1(X ; X ) is equivalent to computing

its rational homotopy groups. In [16], we use Lemma 4.4 to compute the rational

homotopy groupsof M 1(X ; X ) (and thus, by degreeshifting, the rational homotopy

groups of BG1 (X ) ) for spacesX whoserational cohomologyis a tensor product of

free algebrasand truncated polynomial algebras{ a classof spaceswhich includes

products of spheres,projective spacesand Eilenberg-Maclanespaces.To indicate

the method, we prove
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Theorem 2. Let X = Sr 1 � � � � � Sr k � St 1 � � � � � St l ; where the r i are even, the

t i odd and r i ; t i > 1: Then the rationalization of M 1(X ; X ) is given by

(M 1(X ; X ))0 =
� kY

i =1

2r i � 1Y

p=1

K (Qbi
p ; p)

�
�

� lY

i =1

t iY

p=1

K (H t i � p(X ; Q); p)
�
;

where bi
p = dimQ(H 2r i � p+1 (X ; Q)) � dimQ(H r i � p+1 (X ; Q)) :

Proof. To begin, observe that

M 1(X ; X ) �

 
kY

i =1

M pi (X ; Sr i )

!

�

 
lY

i =1

M qi (X ; St i )

!

;

where pi : X ! Sr i and qi : X ! St i are the projections. Since t i is odd,

(St i )0 = K (Q; t i ): It follows from Proposition 2.1 and Thom's result (3.1) that

(M qi (X ; St i ))0 =
t iY

p=1

K (H t i � p(X ; Q); p):

It remains then to take n = r i to be even and compute the rational homotopy

groups of M p(X ; Sn ); where p = pi : X ! Sn is the projection.

Let e : Sn ! (Sn )0 be the rationalization of Sn : Let � = e� p : X ! (Sn )0: Then,

by Proposition 2.1, wehavethat (M p(X ; Sn ))0 ' M � (X ; (Sn )0): Now the Postnikov

decompositon of (Sn )0 is of the form K (Q; 2n � 1) ,! (Sn )0
q

! K (Q; n); with k-

invariant

k2n = �2
n 2 H 2n (K (Q; n); Q) where � n 2 H n (K (Q; n); Q) is the fundamental class.

Accordingly, we have a �bre sequenceof the form

M 0(X ; K (Q; 2n � 1)) ! M � (X ; (Sn )0)
q

! M q� � (X ; K (Q; n)) :

By Lemma 4.4, the boundary homomorphism

@: � p(M q� � (X ; K (Q; n))) ! � p� 1(M 0(X ; K (Q; 2n � 1))) ;

identi�ed as in (4.3), is given by

@(an � p 
 �p) = 2an � pxn 2 H 2n � p(X ; Q);
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where xn = (q � � ) � (�n ) 2 H n (X ; Q) and an � p 2 H n � p(X ; Q): Now multiplication

by xn gives a linear injection of H n � p(X ; Q) into H 2n � p(X ; Q): (Note that xn 2

H n (X ; Q) corresponds to a nontrivial element of H n (Sn ; Q) viewed in H n (X ; Q):)

Thus @is injectiv e for all p > 0: Since the homotopy groups of M 0(X ; K (Q; 2n �

1)) and M q� � (X ; K (Q; n)) are given by Thom's isomorphism (3.1) the result now

follows from a dimension count.

6. M 0 (X ; X ) � as H-space. In [3], Brown givesan example of spacesX and Y

with X not a suspensionand Y not an H -spacesuch that spaceof basedinessential

maps, M 0(X ; Y) � ; has the structure of H -space. The following lemma provides

more examplesof this phenomenon:

Lemma 6.1. Let X be a simply connected complex with only two nonvanishing,

�nitely generated homotopy groups, say � n (X ) and � m (X ); with 1 < n < m: Then

M 0(X ; X ) � =
m � 1Y

i =1

K (H m � i (X ; � m (X )) ; i ):

Proof. If Y is an H -spaceand X is any complex, de�ne � : Y � M 0(X ; Y) � !

M 0(X ; Y) by �( y; f )(x) = y � f (x); where the product is taken in Y: We claim that

� is a weak equivalence. To prove this, we considerthe evaluation �bration,

M 0(X ; Y) � ,! M 0(X ; Y)
�

! Y;

where � is the map which evaluates a function in M 0(X ; Y) on the basepoint of X :

It is easyto seethat � is a �bre preserving map from the trivial �bration over Y

with �bre M 0(X ; Y) � to the evaluation �bration. Moreover, � inducesthe identit y

map on the �bre over the basepoint of Y and a homotopy equivalenceon Y: Our

claim follows from the �v e-lemma.
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An easyconsequenceof this fact and Thom's result (3.1) is that given a K (� ; n)

with n � 1 and � abelian and any complex X ; we have a weak equivalence

M 0(X ; K (� ; n)) � ' w

n � 1Y

i =1

K (H n � i (X ; � ); i ):(6.2)

To prove the lemma, we view X as the total space of the principal �bration

K (� m (X ); m) ,! X
p

! K (� n (X ); n); and observe that there then exists a �bre

sequenceof basedmapping spacesof the form

M 0(X ; K (� m (X ); m)) �
i

! M 0(X ; X ) �
p

! M 0(X ; K (� n ; n)) � :

SinceX is n � 1 connectedn > 1; H q(X ; � n (X )) = 0; for all 0 < q < n: By (6.2),

M 0(X ; K (� n (X ); n)) � is weakly contractible and so i is a weak equivalence. By

Proposition 2.1, i is a map betweenCW complexesand so the result follows from

(6.2) and Whitehead's theorem.

7. A Result of Hae
iger. Up to now we have concernedourselves primarily

with computing rational homotopy groups of function spaces,for which Thom's

approach of usingPostnikov towersis well-suited. Our proof of Theorem3, however,

involvesdetermining the rational homotopy typeof a component of a function space.

As Thom's work in [20] indicates, an e�ectiv e approach to this problem is to analyze

the relevant evaluation maps. In this section, we recall a result of Hae
iger and

apply it to deducea characterization of certain evaluation maps.

Let X and Z be connectedcomplexes,Vn a rational vector space,and n > 0: In

[7, x2.1], Hae
iger characterizesmaps of the form

' : Z ! M (X ; K (Vn ; n)) ;
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as follows. By the exponential law, ' is adjoint to a map e' : X � Z ! K (Vn ; n):

By Thom's result, M (X ; K (Vn ; n)) =
Q n

i =0 K i where K i = K (H n � i (X ; Vn ); i ): Let

' i : Z ! K i denote ' composedwith the i th projection. Observe that

H i (K i ; Q) �= H n � i (X ; Q) 
 V �
n

whereweview H n � i (X ; Q) asthe dual spaceof H n � i (X ; Q) and V �
n = H n (K (Vn ; n); Q):

According to Hae
iger, we have

Lemma 7.1. (Hae
iger) Given a0 
 v 2 H n � i (X ; Q) 
 V �
n

�= H n � i (K i ; Q) then

' �
i (a0 
 v) = a0 \ e' � (v)

where a0 \ (a 
 b) = a0(a)b; for a 
 b 2 H � (X ; Q) 
 H � (Z; Q) �= H � (X � Z; Q):

We apply Hae
iger's lemma to characterize the evaluation map

" : X � M (X ; K (Vn ; n)) ! K (Vn ; n);

de�ned by "(x; f ) = f (x); and its restriction to a component M f (X ; K (Vn ; n)) of

M (X ; K (Vn ; n)) which we denote by

" f : X � M f (X ; K (Vn ; n)) ! K (Vn ; n):

Choosean additiv e basisf aij j i = 0; : : : ; n; j = 1; : : : ; � i g of H � n (X ; Q); where

aij 2 H i (X ; Q) and � i = dimQ(H i (X ; Q)) : Let bij 2 H i (X ; Q); j = 1; : : : ; � i be the

basis dual to the aij : Let a0 = a0;1 = 1 2 H 0(X ; Q) and let b0 = b0;1 = 10 be its

dual. Let v 2 V �
n = H n (K (Vn ; n); Q): Observe that

" � (v) 2 H n (X � M (X ; K (Vn ; n)) ; Q)

�=
nM

i =0

H n � i (X ; Q) 
 H i (M (X ; K (Vn ; n)) ; Q)

�=
nM

i =0

H n � i (X ; Q) 
 H i

0

@
nY

j =0

K j ; Q

1

A :
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SinceM f (X ; K (Vn ; n) is connected,

" �
f (v) 2

nM

i =0

H n � i (X ; Q) 
 H i

0

@
nY

j =1

K j ; Q

1

A :

Recalling that H i (K i ; Q) = H i (K (H n � i (X ; Vn ); i ); Q) �= H n � i (X ; Q) 
 V �
n ; we

prove

Lemma 7.2. (cf. [15, pgs 323-4])

i ) " � (v) =
nX

i =0

� iX

j =1

aij 
 (bij 
 v);

ii ) " �
f (v) =

n � 1X

i =0

� iX

j =1

aij 
 (bij 
 v) + f � (v) 
 1:

Proof. WededucePart i from Hae
iger's result (Lemma 7.1). Note that the adjoint

of "

' : M (X ; K (Vn ; n)) ! M (X ; K (Vn ; n))

is just the identit y map. Let ' i : M (X ; K (Vn ; n)) ! K i be the projection. Then, by

Lemma 7.1, if bn � i;j 
 v 2 H n � i (X ; Q) 
 V �
n = H i (K i ; Q);

' �
i (bn � i;j 
 v) = bn � i;j \ " � (v):

On the other hand, ' �
i (bn � i;j 
 v) = bn � i;j 
 v 2 H i (M (X ; K (Vn ; n)) ; Q); since '

is the identit y. Sincef aij g is an additiv e basisfor H � n (X ; Q) and

" � (v) 2
nM

i =0

H n � i (X ; Q) 
 H i (M (X ; K (Vn ; n)) ; Q);

we may write

" � (v) =
nX

i =0

� iX

j =1

an � i;j 
 cij
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for somecij 2 H i (M (X ; K (Vn ; n)) ; Q): But now we have

bn � i;j 
 v = ' �
i (bn � i;j 
 v)

= bn � i;j \ " � (v)

= bn � i;j \ (an � i;j 
 cij )

= cij :

This provesPart i:

For ii we observe that the composition

X ,! X � M f (X ; K (Vn ; n))
" f
! K (Vn ; n)

is just the map f : X ! K (Vn ; n); which fact, together with i; implies the result.

8. Pro of of Theorem 3.

Theorem 3. Let X be a simply connected complex with �nitely many, �nitely

generated homotopy groups whoserationalization is a two-stagePostnikov system.

Then

M 0(X ; X ) ' Q X � M 0(X ; X ) � :

Proof. Our technique will be to construct the minimal model for M 0(X ; X ): We

follow the approach of M�ller and Raussen[15].

We assumethat the nontrivial rational homotopy groups of X occur in dimen-

sionsn and m with 1 < n < m: Put Vn = � n (X ) 
 Q and Vm = � m (X ) 
 Q: Then

the rationalization X 0 of X is given by the pull-back diagram

K (Vm ; m) //X 0

p

��

P

q

��
K (Vn ; n) k //K (Vm ; m + 1)
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whereq : P ! K (Vm ; m+1) is the path/lo op �bration and wherek 2 H m +1 (K (Vn ; n); Q)

is the rational k-invariant of X . If k is zero than X 0 is an H -space. By the �rst

paragraph of Lemma 6.1, we have that

M 0(X ; X 0) ' X 0 � M 0(X ; X 0)� :

The result now follows, in this case,from Proposition 2.1 and we may assumethen

that k is nontrivial.

By [4, Lemma 3.2], the rational Postnikov tower of X determines the minimal

model, (M � (X ); dX ), of X . Speci�cally , (M � (X ); dX ) is of the form

M � (X ) = � n (V �
n ) 
 dX � m (V �

m ):

Regarding the di�eren tial dX ; note that dX may be viewed as a linear map

dX : V �
m ! H m +1 (K (Vn ; n); Q) and so as an element of H m +1 (K (Vn ; n); Vm ):

According to the lemma, the di�eren tial coincideswith the rational k-invariant k

of X .

Since k is nontrivial, H m +1 (K (Vn ; n); Q) 6= 0: It follows that njm + 1: Since

n > 1; we cannot have that n divides m also. Given the form of (M � (X ); dX ) we

conclude that H m (X ; Q) �= kerf dX : V �
m ! H m +1 (K (Vn ; n); Q)g: We assume,at

�rst, that dX is injectiv e so that H m (X ; Q) = 0:

The �bration p : X 0 ! K (Vn ; n) inducesa �bration on free mapping spaces

p : M 0(X ; X 0) ! M 0(X ; K (Vn ; n)) :

Since,under our current assumptions,[X ; K (Vm ; m)] �= H m (X ; Vm ) = 0; the map-

ping spaceM (X ; K (Vm ; m)) is connectedand it follows that the the �bre of p is

M (X ; K (Vm ; m)) : By Thom's result, the rational cohomologyof M (X ; K (Vm ; m))

is freeasgradedalgebra. Wewish to apply the Hirsch Lemma [4, Lemma 3.1] to the
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�bration p and soobtain a model for M 0(X ; X 0): To apply the lemma, however, we

must �rst show that the rational cohomologyof M (X ; K (Vm ; m)) is transgressive

(see[4, page257]) with respect to the �bration p:

To this end, considerthe �bration on mapping spaces

q : M (X ; P) ! M 0(X ; K (Vm ; m + 1));

induced by q : P ! K (Vm ; m + 1); with �bre M (X ; K (Vm ; m)) : From the exponen-

tial law and the de�nition of P it is clear that M (X ; P) is homeomorphicto the path

spaceon M 0(X ; K (Vm ; m+ 1)): Thusq is just the path/lo op �bration over a product

of Eilenberg-Maclanespaces.As such, the rational cohomologyof M (X ; K (Vm ; m))

is easily seento be transgressive with respect to q: To show that it is transgressive

with respect to p; we show that the �bration p : M 0(X ; X 0) ! M 0(X ; K (Vn ; n)) is

the pullback of q via the map

k : M 0(X ; K (Vn ; n)) ! M 0(X ; K (Vm ; m + 1)):

Let E denote the total spaceof the pullback of q by k: Then it is easyto check

that

E = f f : X ! X 0 j p � f ' �g :

Thus M 0(X ; X 0) is a full component of E . To show equality, we consider the

exact sequenceof sets of homotopy classesof maps corresponding to the �bration

K (Vm ; m) ,! X 0
p

! K (Vn ; n); a portion of which is given as

[X ; K (Vm ; m)] ! [X ; X 0]
p�! [X ; K (Vn ; n)]:

Note that, by our assumption, [X ; K (Vm ; m)] = H m (X ; Vm ) = 0: Thus p� is injec-

tiv e as a map of setsand it follows that E = M 0(X ; X 0):
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We can now apply the Hirsch Lemma to obtain a model for M 0(X ; X 0): By

Thom's result, M (X ; K (Vm ; m)) and M 0(X ; K (Vn ; n)) are products of Eilenberg-

Maclane spaces.Thus the minimal modelsof thesespacesare simply their rational

cohomology algebras with trivial di�eren tials. By the Hirsch Lemma, a model

(A � (M 0(X ; X 0)) ; � ) for M 0(X ; X 0) is given in the form

A � (M 0(X ; X 0)) = H � (M 0(X ; K (Vn ; n)) ; Q) 
 � H � (M (X ; K (Vm ; m)) ; Q)

where the di�eren tial � is just the transgression of the �bration p: We seek to

determine the di�eren tial explicitly .

Write M 0(X ; K (Vm ; m + 1)) =
Q m +1

i =1 K i where K i = K (H m � i +1 (X ; Vm ); i ): Let

k i : M 0(X ; K (Vn ; n)) ! K i

denote k composedwith the projection. Since p is the pull-back of q by k; the k i

are the k-invariants for M 0(X ; X 0); and, as such, they determine the transgression

of p:

To be more explicit, write

H � (M (X ; K (Vm ; m)) ; Q) =
mY

i =1

� i (H m � i (X ; Vm ))

wherewe identify H m � i (X ; Vm ) = H m � i (K (H m � i (X ; Vm ); i ); Q): Also, let us write

H m � i (X ; Vm ) = H m � i (X ; Q) 
 V �
m : Then given

bm � i;j 
 v 2 H m � i (X ; Q) 
 V �
m = Vecti (H � (M (X ; K (Vm ; m)) ; Q)) ;

we note that bm � i;j 
 v 2 H m � i (X ; Vm ) = H i +1 (K (H m � i (X ; Vm ); i + 1); Q) =

H i +1 (K i +1 ; Q): Thus k �
i +1 (bm � i;j 
 v) 2 H i +1 (M 0(X ; K (Vn ; n)) ; Q): By the Hirsch

Lemma, the di�eren tial

� : Vecti (H � (M (X ; K (Vm ; m)) ; Q)) ! H i +1 (M 0(X ; K (Vn ; n)) ; Q)
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is given by the equation

� (bm � i;j 
 v) = k�
i +1 (bm � i;j 
 v):(8.1)

We now apply Hae
iger's result (Lemma 7.1). Note that k is adjoint to the map

g = k � "0 where "0 : X � M 0(X ; K (Vn ; n)) ! K (Vn ; n) is the evaluation map

restricted to the component of the constant map in M (X ; K (Vn ; n)) : By (8.1) and

Lemma 7.1,

� (bm � i;j 
 v) = k �
i +1 (bm � i;j 
 v)(8.2)

= bm � i;j \ g� (v)

= bm � i;j \ " �
0(k � (v)) ;

Let x1; : : : ; xs be a basis for H n (K (Vn ; n); Q): Let v1; : : : ; vt be a basis for V �
m :

Recall k � = dX : V �
m ! H m +1 (K (Vn ; n); Q); where dX is the di�eren tial for the

minimal model of X . As usual, write k � (vl ) = pl (x1; : : : ; xs) where pl is some

homogeneouspolynomial in s variables of appropriate degree. Now H j (X ; Q) = 0

for 0 < j < n: By Lemma 7.2 then, the evaluation map " 0 : X � M 0(X ; K (Vn ; n)) !

K (Vn ; n) is given simply by the equation

" �
0(x i ) = 1 
 b0 
 x i ;

where we recall b0 2 H 0(X ; Q) is the dual vector to 1 2 H 0(X ; Q): We seethen

that, for vl 2 V �
m ; we have

" �
0(k � (vl )) = " �

0(pl (x1; : : : ; xs))(8.3)

= pl (1 
 b0 
 x1; : : : ; 1 
 b0 
 xs)

= 1 
 pl (b0 
 x1; : : : ; b0 
 xs):
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Combining (8.2) and (8.3), we obtain the following description of the di�eren tial

� . Given bm � i;j 
 vl 2 Vecti (H � (M (X ; K (Vm ; m)))) for 0 < i < m we have

� (bm � i;j 
 vl ) = bm � i;j \ " �
0(k � (vl ))

= bm � i;j \ (1 
 pl (b0 
 x1; : : : ; b0 
 xs))

= bm � i;j (1) � pl (b0 
 x1; : : : ; b0 
 xs)

= 0;

sincebm � i;j (1) = 0 for 0 < i < m: Similarly , on the basis f b0 
 v1; : : : ; b0 
 vt g of

Vectm (H � (M (X ; K (Vm ; m)))) we seethat � is given by

� (b0 
 vl ) = pl (b0 
 x1; : : : ; b0 
 xs):

We concludethat the model (A � (M 0(X ; X 0)) ; � ) may be written in the form

A � (M 0(X ; X 0)) =
�
� n (V �

n ) 
 dX � m (V �
m )

�



� m � 1O

i =1

� i (H m � i (X ; Vm ))
�
;

where dX is just the di�eren tial of the minimal model of X . It follows that

A � (M 0(X ; X 0)) is, in fact, the minimal model for M 0(X ; X 0): Since the minimal

model of X is a factor in the minimal model of M 0(X ; X 0); by uniqueness,we

obtain

M 0(X ; X 0) ' Q X �
m � 1Y

i =1

K (H m � i (X ; Vm ); i ):

Now, using the proof of Lemma 6.1 and Proposition 2.1, it is easy to see that

(M 0(X ; X ) � )0 =
Q m � 1

i =1 K (H m � i (X ; Vm ); i ): Thus, sinceM 0(X ; X ) ' Q M 0(X ; X 0);

the theorem is proved in the casewheredX : V �
m ! H m +1 (K (Vn ; n); Q) is injectiv e.

For the general case,we write V �
m = W � � V � where V � = kerf dX : V �

m !

H m +1 (K (Vn ; n); Q)g: Then we may decompose X 0 as the product X 0 = Y0 �

K (V; m) whereY0 is a rational two-stagePostnikov systemwith injectiv ek-invariant.

Let Y be a two-stagePostnikov system with �nitely generatedhomotopy groups
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whoserationalization is Y0: Then, by the above, we have that M 0(Y; Y) ' Q Y �

M 0(Y; Y) � :

Using Proposition 2.1 and an induction on the height of a Postnikov tower, it is

easyto show that, given a simply connectedcomplex Z with �nitely many, �nitely

generatedhomotopy groups, there is a weak equivalence

(M 0(Z; Z ))0 ' w M 0(Z0 ; Z0);(8.4)

where(M 0(Z; Z ))0 is the rationalization of M 0(Z; Z ): The analogousresult holds for

the spaceof basedinessential maps. Applying (8.4) to our rational decomposition

of M 0(Y; Y) we get

M 0(Y0; Y0) ' w Y0 � M 0(Y0; Y0)�(8.5)

From (8.4), (8.5) and the exponential law we obtain the following chain of equiva-

lences

(M 0(X ; X ))0 ' w M 0(Y0 � K (V; m); Y0 � K (V; m))

� M 0(Y0 � K (V; m); Y0) � M 0(Y0 � K (V; m); K (V; m))(8.6)

� M 0(K (V; m); M 0(Y0; Y0)) � M 0(X 0; K (V; m))

' w M 0(K (V; m); Y0 � M 0(Y0; Y0)� ) � M 0(X 0 ; K (V; m))

� M 0(K (V; m); Y0) � M 0(K (V; m); M 0(Y0; Y0)� ) � M 0(X 0; K (V; m)) :

Now, since Y0 is m + 1 coconnected and K (V; m) is m � 1-connected,we see

that, for p > 0; � p(M 0(K (V; m); Y0)� ) �= [K (Vm ; m); 
 p(Y0)] = 0; so that

M 0(K (V; m); Y0)� is weakly contractible. From the evaluation �bration (seeLemma

6.1)

M 0(K (V; m); Y0)� ,! M 0(K (V; m); Y0)
�

! Y0
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we obtain that

M 0(K (V; m); Y0) ' w Y0:(8.7)

From Lemma 6.1 and (8.4), we have

M 0(Y0; Y0)� ' w

m � 1Y

i =1

K (H m � i (Y0; W ); i );

so that, by Thom's result (3.1),

M 0(K (V; m); M 0(Y0; Y0)� ) ' w

m � 1Y

i =1

K (H m � i (Y0; W ); i ):(8.8)

Also, we have

M 0(X 0 ; K (V; m)) ' w

mY

i =1

K (H m � i (X ; V); i ):(8.9)

Substituting lines (8.7), (8.8) and (8.9) into (8.6), we obtain

M 0(X ; X ) ' Q Y0 �
m � 1Y

i =1

K (H m � i (Y0; W ); i ) �
mY

i =1

K (H m � i (X ; V); i )

= Y0 � K (V; m) �
m � 1Y

i =1

K (H m � i (Y0; W ) � H m � i (X ; V ); i )

' Q X �
m � 1Y

i =1

K (H m � i (X ; Vm ); i )

' Q X � M 0(X ; X ) � ;

and the proof is complete.

Remark. Hansen [9, Corollary 3.5] proves that for n � 8; n 6= 11; 27 and

n 6� 15 mod 16; M 0(Sn ; Sn ) is not homotopy equivalent to Sn � M 0(Sn ; Sn )� :

Thus there is no analogueof Theorem 3 in ordinary homotopy theory.
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